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A finite line source simulation model for geothermal systems with series and 
parallel connected boreholes and independent fluid loops 
A model for the simulation of geothermal systems with parallel- and series-connected 
boreholes is presented. Mass and heat balance problems are formulated for each component 
in the system and are assembled into system-level problems. A third problem is formulated 
to account for heat transfer in the bore field, using the finite line source solution. This third 
problem is coupled to the system-level heat balance problem by an analytical solution of 
the heat transfer inside boreholes with multiple U-tubes. The simulation model allows for 
any number of independent fluid loops within the bore field or within individual boreholes 
and allows for combinations of specified inlet fluid temperatures and heat extraction rates 
in independent fluid loops. The model accounts for the axial variation of the fluid and 
borehole wall temperatures and heat extraction rates. The capabilities of the model are 
demonstrated through three example simulations. 
Keywords: Geothermal boreholes; Ground heat exchangers; Parallel arrangement; Series 
arrangement; Multiple U-tubes; Thermal response factors  
Nomenclature 
Variables 
𝛼𝛼𝑠𝑠 Soil thermal diffusivity 
Δ𝑡𝑡 Simulation time step  
Δ𝑡𝑡𝑝𝑝 Size of aggregation cell 𝑝𝑝 
Δ𝑇𝑇𝑏𝑏 Borehole wall temperature drop 
𝑐𝑐𝑝𝑝 Specific heat capacity 
𝐶𝐶𝐶𝐶𝐶𝐶 Heat pump coefficient of performance 
𝑑𝑑 Distance between boreholes 
𝐷𝐷 Borehole or borehole segment buried depth 
𝜀𝜀𝑎𝑎𝑏𝑏𝑠𝑠,𝑇𝑇𝑏𝑏 Absolute error tolerance on borehole wall temperatures 
𝜀𝜀𝑎𝑎𝑏𝑏𝑠𝑠,𝑇𝑇𝑓𝑓 Absolute error tolerance on fluid temperatures 
𝜀𝜀𝑟𝑟𝑟𝑟𝑙𝑙,?̇?𝑚𝑓𝑓 Relative error tolerance on fluid mass flow rates 
𝐺𝐺 Captured solar radiation 
ℎ Segment-to-segment thermal response factor 
𝐻𝐻 Borehole or borehole segment length 
𝑘𝑘𝑠𝑠 Ground thermal conductivity 
?̇?𝑚𝑓𝑓,𝑖𝑖𝑖𝑖 Inlet fluid mass flow rate 
?̇?𝑚𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜 Outlet fluid mass flow rate 
𝜂𝜂 Solar collector efficiency 
𝑁𝑁𝑎𝑎𝑎𝑎𝑎𝑎 Total number of load aggregation cells 
𝑁𝑁𝑏𝑏 Total number of boreholes in bore field 
𝑁𝑁𝑐𝑐 Total number of system components 
𝑛𝑛𝑖𝑖𝑖𝑖 Number of inlets in component 
𝑁𝑁𝑖𝑖𝑖𝑖 Total number of inlets in system 
𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜 Number of outlets in component 
𝑁𝑁𝑜𝑜𝑜𝑜𝑜𝑜 Total number of outlets in system 
𝑛𝑛𝑝𝑝 Number of U-tubes in borehole 
𝑁𝑁𝑝𝑝 Total number of U-tubes in bore field 
𝑛𝑛𝑞𝑞 Number of borehole segments in borehole 
𝑁𝑁𝑞𝑞 Total number of borehole segments in bore field 
?̇?𝑄 Component heat transfer rate 
?̇?𝑄𝑏𝑏 Borehole heat extraction rate 
?̇?𝑄𝑏𝑏𝑜𝑜𝑖𝑖𝑙𝑙𝑏𝑏𝑖𝑖𝑖𝑖𝑎𝑎 Building load 
?̇?𝑄𝑝𝑝 Pipe heat transfer rate 
𝑟𝑟𝑏𝑏 Borehole radius 
𝑅𝑅Δ Delta-circuit thermal resistance 
𝑅𝑅𝑏𝑏
∗  Effective borehole thermal resistance 
𝑅𝑅𝑓𝑓𝑝𝑝 Fluid to outer pipe wall thermal resistance 
𝑟𝑟𝑝𝑝,𝑖𝑖𝑖𝑖 Pipe inner radius 
𝑟𝑟𝑝𝑝,𝑜𝑜𝑜𝑜𝑜𝑜 Pipe outer radius 
𝑡𝑡 Time 
𝑇𝑇𝑎𝑎 Ambient temperature 
𝑇𝑇𝑏𝑏 Borehole wall temperature 
𝑇𝑇𝑓𝑓 Fluid temperature in borehole pipes 
𝑇𝑇𝑓𝑓,𝑖𝑖𝑖𝑖 Inlet fluid temperature 
𝑇𝑇𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜 Outlet fluid temperature 
𝑇𝑇𝑎𝑎 Undisturbed ground temperature (𝑥𝑥,𝑦𝑦) Coordinates of boreholes or pipes 
𝑧𝑧 Depth 
Matrices and vectors 
𝑨𝑨 Coefficient matrix of the system of differential equations for fluid 
temperatures in boreholes 
𝒂𝒂?̇?𝒎𝒇𝒇 Coefficient matrix for the component-level mass balance problem 
𝑨𝑨?̇?𝒎𝒇𝒇 Coefficient matrix for the system-level mass balance problem 
𝒂𝒂𝑸𝑸𝒃𝒃 Coefficient matrix for the borehole heat transfer problem 
𝑨𝑨𝑸𝑸𝒃𝒃  Coefficient matrix for the bore field heat transfer problem 
𝒂𝒂𝑻𝑻𝒇𝒇 Coefficient matrix for the component-level heat balance problem 
𝑨𝑨𝑻𝑻𝒇𝒇 Coefficient matrix for the system-level heat balance problem 
𝒃𝒃?̇?𝒎𝒇𝒇 Coefficient vector for the component-level mass balance problem 
𝑩𝑩?̇?𝒎𝒇𝒇 Coefficient vector for the system-level mass balance problem 
𝒃𝒃𝑸𝑸𝒃𝒃 Coefficient vector for the borehole heat transfer problem 
𝑩𝑩𝑸𝑸𝒃𝒃  Coefficient vector for the bore field heat transfer problem 
𝒃𝒃𝑻𝑻𝒇𝒇 Coefficient vector for the component-level heat balance problem 
𝑩𝑩𝑻𝑻𝒇𝒇 Coefficient vector for the system-level heat balance problem 
𝑪𝑪 Component connectivity matrix 
𝑬𝑬 Matrix exponential of 𝑨𝑨𝑧𝑧 
𝑬𝑬𝒊𝒊𝒊𝒊, 𝑬𝑬𝒐𝒐𝒐𝒐𝒐𝒐, 𝑬𝑬𝒃𝒃 Coefficient matrices for boundary condition at 𝑧𝑧 = 𝐻𝐻  
𝑯𝑯 Matrix of segment-to-segment thermal response factors  
𝑰𝑰 Identity matrix  
𝑳𝑳 Diagonal matrix of eigenvalues of 𝑨𝑨 
?̇?𝒎𝒇𝒇,𝒊𝒊𝒊𝒊 Vector of inlet fluid mass flow rates 
?̇?𝒎𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐 Vector of outlet fluid mass flow rates 
?̇?𝑸𝒃𝒃 Vector of heat extraction rate per unit length of borehole segments 
𝑻𝑻𝒃𝒃 Vector of average borehole segment temperatures 
𝑻𝑻𝒃𝒃,𝟎𝟎 Vector of average borehole segment temperatures assuming no heat 
extraction during current time step 
𝑻𝑻𝒇𝒇,𝒊𝒊𝒊𝒊 Vector of inlet fluid temperatures 
𝑻𝑻𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐 Vector of outlet fluid temperatures 
𝑻𝑻𝒇𝒇 Vector of fluid temperatures in borehole pipes 
𝑻𝑻𝒈𝒈 Vector of undisturbed ground temperatures 
𝑽𝑽 Matrix of eigenvectors of 𝑨𝑨  
𝒚𝒚 Vector of mass flow rate fractions 
Indices 
𝑖𝑖𝑏𝑏, 𝑗𝑗𝑏𝑏 Borehole indices 
𝑖𝑖𝑐𝑐, 𝑗𝑗𝑐𝑐 Component indices 
𝑖𝑖𝑝𝑝, 𝑗𝑗𝑝𝑝 Pipe indices 
𝑘𝑘 Time index  
𝑠𝑠𝑝𝑝𝑠𝑠𝑐𝑐𝑖𝑖𝑠𝑠𝑖𝑖𝑠𝑠𝑑𝑑 Specified value of the variable  
𝑡𝑡𝑡𝑡𝑡𝑡 Total value in the bore field 
𝑢𝑢, 𝑣𝑣 Borehole segment indices 
1. Introduction 
In heating dominated applications, ground source heat pump (GSHP) systems extract a greater 
amount of heat during the heating season than they inject heat back into the ground during the 
cooling season. Because of this load imbalance, the thermal efficiency of a GSHP system will 
degrade over the years as the ground temperature decreases. Design methods for vertical 
borehole fields aim to identify the required length of boreholes that is necessary to keep the heat 
carrier fluid above a lower temperature limit. A GSHP system with unbalanced loads will 
typically require longer boreholes than a GSHP system with balanced loads. 
Thermal energy storage from an auxiliary source (e.g. solar collectors or industrial waste 
heat) has been proposed to counteract the effects of load imbalance and reduce the required 
borehole length. Different strategies of heat storage and extraction in borehole fields have been 
considered: (1) reversal of flow direction in fields of boreholes connected in series during storage 
and extraction periods (Cui et al. 2015), (2) storage and extraction of thermal energy in 
independent clusters of boreholes (Monzó et al. 2013; Belzile, Lamarche, and Rousse 2016a), 
and (3) storage and extraction of heat in independent U-tubes within the boreholes (Eslami-nejad 
and Bernier 2011; Cimmino and Eslami-Nejad 2016; Belzile, Lamarche, and Rousse 2016b). 
Simulation of GSHP systems is often conducted using thermal response factors. Eskilson 
(Eskilson 1987) first introduced numerical thermal response factors, or g-functions, for the 
simulation of fields of geothermal boreholes connected in parallel. Zeng et al. (Zeng, Diao, and 
Fang 2002) proposed the spatial superposition of the finite line source (FLS) analytical solution 
to estimate g-functions, and Larmache and Beauchamp (Lamarche and Beauchamp 2007) and 
Claesson and Javed (Claesson and Javed 2011) gave simplified formulations of the analytical 
solution. By dividing boreholes into series of finite line source segments, Cimmino and Bernier 
(Cimmino and Bernier 2014) and Lazzarotto and Björk (Lazzarotto 2016; Lazzarotto and Björk 
2016) obtained accurate evaluations of the g-functions for vertical and tilted boreholes. Their 
method allowed the axial variation of the heat extraction rates along the boreholes and the 
evaluation of g-functions that approach a condition of uniform borehole wall temperatures, as 
done by Eskilson using a finite difference method. Extensions to the finite line source method for 
the evaluation of thermal response factors have also been proposed for mixed series-parallel 
configurations (Marcotte and Pasquier 2014) and for a condition of equal inlet fluid temperature 
into the bore field (Cimmino 2015). 
The g-function method relies on the assumption of constant fluid flow rate and direction 
of flow through the boreholes, and that all boreholes are connected to a single inlet fluid stream. 
It is therefore inadequate in modelling bore fields with independently connected clusters of 
boreholes or with multiple independent fluid loops. To overcome these shortcomings, numerical 
methods are useful to simulate geothermal systems and take into account more complex 
phenomena; for example groundwater advection (Nguyen, Pasquier, and Marcotte 2017), 
variable fluid flow rate (Zarrella, Emmi, and De Carli 2017) and short-term heat transfer inside 
the boreholes (Bauer, Heidemann, and Diersch 2011). However, numerical methods are 
generally computationally expensive when compared to analytical methods with appropriate load 
aggregation schemes (Bernier et al. 2004; Liu 2005; Lamarche 2009; Claesson and Javed 2012). 
Numerical methods can thus be impractical for the simulation of very large bore fields or for the 
design optimization of geothermal systems. 
A network-based methodology was proposed by Lazzarotto (Lazzarotto 2014; Lazzarotto 
2015), and recently extended by Lamarche (Lamarche 2017), using the finite line source solution 
to model geothermal boreholes. This methodology enables the simulation of arbitrarily 
positioned and connected boreholes. It integrates models for the various system components 
found in geothermal systems (e.g. pumps, heat exchangers and pipe manifolds). Two sets of 
problems for mass and heat balance are formulated at the component level and assembled into 
global mass and heat balance problems at the system level. The system-level heat balance 
problem includes all model variables from system components, such as borehole wall 
temperatures and heat fluxes in the finite line source method used to model boreholes. However, 
the methodology does not account for the axial variations of the heat extraction rates and of the 
fluid and borehole wall along the boreholes. 
This paper proposes an improved methodology for the simulation of geothermal systems. 
As done by Lazzarotto (Lazzarotto 2014; Lazzarotto 2015), mass and heat balance problems are 
formulated at the component level and assembled into system-level systems of equations. A third 
problem is introduced to account for heat transfer in the field of geothermal boreholes. Borehole-
type system components are thus used both in the formulation of the system-level heat balance 
problem and in the bore field heat transfer problem. The three problems, i.e. system-level (1) 
mass and (2) heat balance and (3) bore field heat transfer, are solved successively in an iterative 
process at each time step of the simulations. The improved methodology accounts for the axial 
variation of temperatures and heat extraction rates along the boreholes and allows for the 
simulation of bore fields with boreholes of unequal lengths. 
2. Mathematical model 
Figure 1 shows a geothermal bore field with two independent fluid loops running in counter flow 
in four parallel branches of four series-connected boreholes. To simulate the performance of such 
geothermal systems with complex fluid network topology, the proposed methodology separates 
the system into two distinct regions: (1) the fluid side and (2) the ground side. The borehole 
walls act as an interface between the two regions. 
 
Figure 1. Field of 16 boreholes with two independent fluid loops 
On the fluid side, the system is further divided into its component parts, and each system 
component is modelled separately from the other components. For example, in Figure 1, the 
system includes 16 boreholes (1-16), two heat sources (17-18), two flow splitters (19-20) and 
two flow mixers (21-22). Only two flow splitters are shown on Figure 1 rather than four on each 
side. The proposed methodology does not explicitly account for head losses in pipes to distribute 
flow between branches. Flow fractions exiting each branch of a splitter component are specified 
and thus having one splitter on each side is equivalent to having four in the example shown on 
Figure 1. Mass and heat balance problems are formulated for each of the components in the form 
of matrix systems of equations. These component-level problems are cast as matrix systems of 
linear equations involving inlet and outlet mass flow rates and fluid temperatures, regardless of 
the type of component. The component-level problems are assembled into system-level – or 
global – mass and heat transfer problems, considering the connections between the components. 
On the ground side, boreholes are modelled as series of finite line heat sources. A bore 
field heat transfer problem is constructed from the spatial and temporal superposition of the finite 
line source analytical solution, considering the variation (spatial and temporal) of the heat 
extraction rates in the bore field. Boreholes are the only components shared by the fluid-side 
problems and the bore field heat transfer problem. In the proposed methodology, an analytical 
solution of the thermal interactions between U-tube pipes and between U-tube pipes and the 
borehole wall is used to couple the problems in the two regions. 
The structure of the mathematical model is presented in Figure 2. For each system 
component, component-level coefficient matrices and vectors for the mass (𝒂𝒂?̇?𝒎𝒇𝒇 and 𝒃𝒃?̇?𝒎𝒇𝒇) and 
heat balance (𝒂𝒂𝑻𝑻𝒇𝒇 and 𝒃𝒃𝑻𝑻𝒇𝒇)  problems are assembled into the system-level mass and heat transfer 
problems. The solution to these problems returns the inlet and outlet mass flow rates and fluid 
temperatures. From these evaluated values, coefficient matrices and vectors (𝒂𝒂𝑸𝑸𝒃𝒃 and 𝒃𝒃𝑸𝑸𝒃𝒃) are 
assembled into the bore field heat transfer problem. The solution to this third problem returns the 
borehole wall temperatures and heat extraction rates. In cases where fluid temperatures or mass 
flow rates are dependent on borehole wall temperatures (and vice-versa), the solution to all three 
problems are obtained from the successive solution of each problem until the evaluated mass 
flow rates, fluid temperatures and borehole wall temperatures converge to their final values. 
 Figure 2. Structure of the presented mathematical model 
2.1. Component-level mass and heat balance problems 
For each component in the system, the mass and heat balance problems are formulated as linear 
systems of equations between inlet and outlet mass flow rates and between inlet and outlet fluid 
temperatures, respectively. For an arbitrary component 𝑖𝑖𝑐𝑐 with 𝑛𝑛𝑖𝑖𝑖𝑖,𝑖𝑖𝑐𝑐 fluid inlets and 𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐 fluid 
outlets, the component-level mass and heat balance problems may be cast in the linear form: 
 ?̇?𝒎𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒄𝒄 = 𝒂𝒂?̇?𝒎𝒇𝒇,𝒊𝒊𝒄𝒄?̇?𝒎𝒇𝒇,𝒊𝒊𝒊𝒊,𝒊𝒊𝒄𝒄 + 𝒃𝒃?̇?𝒎𝒇𝒇,𝒊𝒊𝒄𝒄  (1) 
 𝑻𝑻𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒄𝒄 = 𝒂𝒂𝑻𝑻𝒇𝒇,𝒊𝒊𝒄𝒄𝑻𝑻𝒇𝒇,𝒊𝒊𝒊𝒊,𝒊𝒊𝒄𝒄 + 𝒃𝒃𝑻𝑻𝒇𝒇,𝒊𝒊𝒄𝒄  (2) 
where ?̇?𝒎𝒇𝒇,𝒊𝒊𝒊𝒊,𝒊𝒊𝒄𝒄 is a 𝑛𝑛𝑖𝑖𝑖𝑖,𝑖𝑖𝑐𝑐 × 1 column vector of inlet fluid mass flow rates into the component, 
?̇?𝒎𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒄𝒄 is a 𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐 × 1 column vector of outlet fluid mass flow rates out of the component, 
𝑻𝑻𝒇𝒇,𝒊𝒊𝒊𝒊,𝒊𝒊𝒄𝒄 is a 𝑛𝑛𝑖𝑖𝑖𝑖,𝑖𝑖𝑐𝑐 × 1 column vector of inlet fluid temperatures into the component, 𝑻𝑻𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒄𝒄 is a 
𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐 × 1 column vector of outlet fluid temperatures out of the component, 𝒂𝒂𝑻𝑻𝒇𝒇,𝒊𝒊𝒄𝒄  and 𝒂𝒂?̇?𝒎𝒇𝒇,𝒊𝒊𝒄𝒄  are 
𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐 × 𝑛𝑛𝑖𝑖𝑖𝑖,𝑖𝑖𝑐𝑐 coefficient matrices for the mass and heat balance problems, respectively, and 
𝒃𝒃𝑻𝑻𝒇𝒇,𝒊𝒊𝒄𝒄  and 𝒃𝒃?̇?𝒎𝒇𝒇,𝒊𝒊𝒄𝒄  are 𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐 × 1 coefficient vectors for the mass and heat balance problems, 
respectively. 
The coefficient matrices and vectors are obtained from physical models of the 
corresponding component 𝑖𝑖𝑐𝑐. In the present work, analytical system component models, which 
can easily be expressed in linear form as in Equations (1) and (2), are used. In some cases, the 
coefficient matrices and vectors are themselves dependent on the fluid temperatures, mass flow 
rates or other variables relevant to the component. In these cases, coefficient matrices and 
vectors are recalculated every time step or every iteration within each time step, as needed. The 
proposed framework does not prevent the use of numerical models for system components as 
long as the mass and heat balance problems in the form of Equations (1) and (2) may be 
formulated based on the current state of the system component. 
Basic models for system components are described in this section. In addition to 
components previously shown on Figure 1, fluid sources and sinks are introduced to deal with 
conditions of prescribed inlet temperatures into fluid loops, rather than the prescribed heat 
transfer rates covered by the heat source components. 
2.1.1. Fluid source and sink 
The fluid source component supplies fluid at a specified temperature and mass flow rate and 
serves as a starting point to an open fluid loop, as shown on Figure 3. This component has no 
fluid inlets (𝑛𝑛𝑖𝑖𝑖𝑖,𝑖𝑖𝑐𝑐 = 0) and only one fluid outlet (𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐 = 1). The coefficient matrices and 
vectors for this component are given by: 
 𝒂𝒂?̇?𝒎𝒇𝒇,𝒊𝒊𝒄𝒄 = [ ] (3) 
 𝒃𝒃?̇?𝒎𝒇𝒇,𝒊𝒊𝒄𝒄 = ?̇?𝑚𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐,𝑠𝑠𝑝𝑝𝑟𝑟𝑐𝑐𝑖𝑖𝑓𝑓𝑖𝑖𝑟𝑟𝑏𝑏 (4)  
 𝒂𝒂𝑻𝑻𝒇𝒇,𝑖𝑖𝒄𝒄 = [ ] (5) 
 𝒃𝒃𝑻𝑻𝒇𝒇,𝒊𝒊𝒄𝒄 = 𝑇𝑇𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐,𝑠𝑠𝑝𝑝𝑟𝑟𝑐𝑐𝑖𝑖𝑓𝑓𝑖𝑖𝑟𝑟𝑏𝑏 (6) 
where ?̇?𝑚𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐,𝑠𝑠𝑝𝑝𝑟𝑟𝑐𝑐𝑖𝑖𝑓𝑓𝑖𝑖𝑟𝑟𝑏𝑏 and 𝑇𝑇𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐,𝑠𝑠𝑝𝑝𝑟𝑟𝑐𝑐𝑖𝑖𝑓𝑓𝑖𝑖𝑟𝑟𝑏𝑏 are the specified mass flow rate and fluid 
temperature out of the fluid source. [ ] denotes an empty coefficient matrix and simply means 
that these matrices are not used since a fluid source has no inlet (𝑛𝑛𝑖𝑖𝑖𝑖,𝑖𝑖𝑐𝑐 = 0). 
 
Figure 3. Fluid source and sink system components 
The fluid sink component serves as an end point to an open fluid loop, as shown on 
Figure 3. This component has only one fluid inlet (𝑛𝑛𝑖𝑖𝑖𝑖,𝑗𝑗𝑐𝑐 = 1) and no fluid outlets (𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜,𝑗𝑗𝑐𝑐 = 0). 
The coefficient matrices and vectors for this component are: 
 𝒂𝒂?̇?𝒎𝒇𝒇,𝒋𝒋𝒄𝒄 = [ ] (7) 
 𝒃𝒃?̇?𝒎𝒇𝒇,𝒋𝒋𝒄𝒄 = [ ] (8)  
 𝒂𝒂𝑻𝑻𝒇𝒇,𝒋𝒋𝒄𝒄 = [ ] (9) 
 𝒃𝒃𝑻𝑻𝒇𝒇,𝒋𝒋𝒄𝒄 = [ ] (10) 
All coefficient matrices and vectors of the fluid sink are empty. While this component is 
not necessary to evaluate fluid temperatures and mass flow rates in the global system, it is useful 
in the verification of connections between components and ensures that the total number of 
component fluid inlets in the global system is equal to the total number of component fluid 
outlets. 
2.1.2. Flow splitter and mixer 
The flow splitter component splits a single fluid stream (𝑛𝑛𝑖𝑖𝑖𝑖,𝑖𝑖𝑐𝑐 = 1) into a given number 𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐 
of outlet fluid streams with specified ratios of the inlet mass flow rate, as shown on Figure 4. The 
outlet fluid temperatures of the flow splitter are equal to the inlet fluid temperature into the 
splitter. The coefficient matrices and vectors for this component are given by: 
 𝒂𝒂?̇?𝒎𝒇𝒇,𝒊𝒊𝒄𝒄 = 𝒚𝒚𝒊𝒊𝒄𝒄  (11) 
 𝒃𝒃?̇?𝒎𝒇𝒇,𝒊𝒊𝒄𝒄 = 𝟎𝟎𝑖𝑖𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐×1 (12)  
 𝒂𝒂𝑻𝑻𝒇𝒇,𝒊𝒊𝒄𝒄 = 𝟏𝟏𝑖𝑖𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐×1 (13) 
 𝒃𝒃𝑻𝑻𝒇𝒇,𝒊𝒊𝒄𝒄 = 𝟎𝟎𝑖𝑖𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐×1 (14) 
where 𝒚𝒚𝒊𝒊𝒄𝒄  is a 𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐 × 1 column vector of the outlet mass flow rate fractions relative to the inlet 
mass flow rate (see Figure 4), 𝟎𝟎𝑚𝑚×n is an 𝑚𝑚 × 𝑛𝑛 matrix of zeros and 𝟏𝟏𝑚𝑚×n is an 𝑚𝑚 × 𝑛𝑛 matrix of 
ones. Note that the sum of mass flow rate fractions 𝟏𝟏1×𝑖𝑖𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐𝒚𝒚𝒊𝒊𝒄𝒄  must be equal to 1 to ensure 
conservation of mass. Since head losses are not calculated in the proposed methodology, the flow 
distribution at the outlet of flow splitter components are assumed to be known. In the case the 
flow distribution is not known, mass flow rates should be calculated in a separate model and 
used to evaluate 𝒚𝒚𝒊𝒊𝒄𝒄 . 
 Figure 4. Fluid splitter and mixer system components 
The flow mixer component mixes a given number 𝑛𝑛𝑖𝑖𝑖𝑖,𝑗𝑗𝑐𝑐 of fluid streams into a single 
fluid stream (𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜,𝑗𝑗𝑐𝑐 = 1), as shown on Figure 4. The outlet mass flow rate is the sum of the 
mass flow rates from all inlets. The outlet fluid temperature is the weighted sum of the inlet fluid 
temperatures by the inlet mass flow rates. The coefficient matrices and vectors for this 
component are given by: 
 𝒂𝒂?̇?𝒎𝒇𝒇,𝒋𝒋𝒄𝒄 = 𝟏𝟏1×𝑖𝑖𝑖𝑖𝑖𝑖,𝑗𝑗𝑐𝑐  (15) 
 𝒃𝒃?̇?𝒎𝒇𝒇,𝒋𝒋𝒄𝒄 = 0 (16)  
 𝒂𝒂𝑻𝑻𝒇𝒇,𝒋𝒋𝒄𝒄 = 𝒚𝒚𝒋𝒋𝒄𝒄𝑻𝑻  (17) 
 𝒃𝒃𝑻𝑻𝒇𝒇,𝒋𝒋𝒄𝒄 = 0 (18) 
where 𝒚𝒚𝒋𝒋𝒄𝒄 = ?̇?𝒎𝒇𝒇,𝒊𝒊𝒊𝒊,𝒋𝒋𝒄𝒄 1𝟏𝟏1×𝑖𝑖𝑖𝑖𝑖𝑖,𝑗𝑗𝑐𝑐?̇?𝒎𝒇𝒇,𝒊𝒊𝒊𝒊,𝒋𝒋𝒄𝒄 is a 𝑛𝑛𝑖𝑖𝑖𝑖,𝑗𝑗𝑐𝑐 × 1 column vector of the inlet mass flow rate 
fractions relative to the outlet mass flow rate and is calculated after the inlet mass flow rates are 
solved. 
2.1.3. Heat source 
The heat source component, shown in Figure 5, serves as a heat source into a closed fluid loop 
and is also used to prescribe the mass flow rate in such loops. The relation between inlet and 
outlet fluid temperatures is obtained from an energy balance on the fluid with a known rate of 
heat transferred to the fluid. The coefficient matrices and vectors for this component are given 
by:  
 𝒂𝒂?̇?𝒎𝒇𝒇,𝒊𝒊𝒄𝒄 = 0 (19) 
 𝒃𝒃?̇?𝒎𝒇𝒇,𝒊𝒊𝒄𝒄 = ?̇?𝑚𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐,𝑠𝑠𝑝𝑝𝑟𝑟𝑐𝑐𝑖𝑖𝑓𝑓𝑖𝑖𝑟𝑟𝑏𝑏 (20)  
 𝒂𝒂𝑻𝑻𝒇𝒇,𝒊𝒊𝒄𝒄 = 1 (21) 
 𝒃𝒃𝑻𝑻𝒇𝒇,𝒊𝒊𝒄𝒄 = ?̇?𝑄𝑖𝑖𝑐𝑐,𝑠𝑠𝑠𝑠𝑠𝑠𝑐𝑐𝑖𝑖𝑓𝑓𝑖𝑖𝑠𝑠𝑠𝑠?̇?𝑚𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐,𝑠𝑠𝑠𝑠𝑠𝑠𝑐𝑐𝑖𝑖𝑓𝑓𝑖𝑖𝑠𝑠𝑠𝑠𝑐𝑐𝑠𝑠 (22) 
where ?̇?𝑄𝑖𝑖𝑐𝑐,𝑠𝑠𝑝𝑝𝑟𝑟𝑐𝑐𝑖𝑖𝑓𝑓𝑖𝑖𝑟𝑟𝑏𝑏 is the specified rate of heat transferred to the fluid. 
 
Figure 5. Heat source system component 
2.1.4. Vertical borehole 
A vertical geothermal borehole 𝑖𝑖𝑏𝑏 is presented on Figure 6. The borehole has a radius 𝑟𝑟𝑏𝑏,𝑖𝑖𝑏𝑏, a 
length 𝐻𝐻𝑖𝑖𝑏𝑏 and is buried at a distance 𝐷𝐷𝑖𝑖𝑏𝑏  from the ground surface. The borehole contains 𝑛𝑛𝑝𝑝,𝑖𝑖𝑏𝑏 U-
tubes (𝑛𝑛𝑝𝑝,𝑖𝑖𝑏𝑏 = 2 in Figure 6), for a total of 2𝑛𝑛𝑝𝑝,𝑖𝑖𝑏𝑏 pipes. Each pipe 𝑖𝑖𝑝𝑝 has an inner radius 𝑟𝑟𝑝𝑝,𝑖𝑖𝑖𝑖, an 
outer radius 𝑟𝑟𝑝𝑝,𝑜𝑜𝑜𝑜𝑜𝑜, and is placed at a position �𝑥𝑥𝑖𝑖𝑠𝑠 ,𝑦𝑦𝑖𝑖𝑠𝑠� relative to the borehole axis. Fluid enters 
U-tube 𝑖𝑖𝑝𝑝 at a temperature 𝑇𝑇𝑓𝑓,𝑖𝑖𝑖𝑖,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠 and a mass flow rate ?̇?𝑚𝑓𝑓,𝑖𝑖𝑖𝑖,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠 through pipe 𝑖𝑖𝑝𝑝 and leaves 
through pipe 𝑖𝑖𝑝𝑝 + 𝑛𝑛𝑝𝑝,𝑖𝑖𝑏𝑏 at a temperature 𝑇𝑇𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠 and a mass flow rate ?̇?𝑚𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠 = ?̇?𝑚𝑓𝑓,𝑖𝑖𝑖𝑖,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠. 
 
Figure 6. Vertical geothermal borehole with two independent U-tubes 
The fluid temperature variations inside the borehole are driven by heat transfer between 
pipes and between individual pipes and the borehole wall. In the proposed methodology, the 
thermal capacity of the fluid and the borehole materials is neglected. Heat transfer inside the 
borehole is then treated as a steady-state process. Steady-state heat conduction inside a borehole 
cross section can be represented as a network of delta-circuit thermal resistances. From this 
delta-circuit, a system of differential equations is expressed for the axial variations of the fluid 
temperatures based on known borehole wall temperatures. Solving the system of differential 
equations gives relations between inlet and outlet fluid temperatures and expressions for the heat 
extraction rates along the borehole. The derivation of the equations for heat transfer inside the 
borehole are presented in appendix from the analytical solutions of Cimmino (Cimmino 2016). 
Equation (A9) is repeated here: 
 𝑬𝑬𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒃𝒃�𝐻𝐻𝑖𝑖𝑏𝑏�𝑻𝑻𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒃𝒃 = 𝑬𝑬𝒊𝒊𝒊𝒊,𝒊𝒊𝒃𝒃�𝐻𝐻𝑖𝑖𝑏𝑏�𝑻𝑻𝒇𝒇,𝒊𝒊𝒊𝒊,𝒊𝒊𝒃𝒃 + 𝑬𝑬𝒃𝒃,𝒊𝒊𝒃𝒃�𝐻𝐻𝑖𝑖𝑏𝑏�𝑻𝑻𝒃𝒃,𝒊𝒊𝒃𝒃 (23) 
where 𝑬𝑬𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒃𝒃 and 𝑬𝑬𝒊𝒊𝒊𝒊,𝒊𝒊𝒃𝒃 are 𝑛𝑛𝑝𝑝,𝑖𝑖𝑏𝑏 × 𝑛𝑛𝑝𝑝,𝑖𝑖𝑏𝑏 coefficient matrices associated with the outlet and inlet 
fluid temperatures of borehole 𝑖𝑖𝑏𝑏, 𝑬𝑬𝒃𝒃,𝒊𝒊𝒃𝒃 is a 𝑛𝑛𝑝𝑝,𝑖𝑖𝑏𝑏 × 𝑛𝑛𝑞𝑞,𝑖𝑖𝑏𝑏  coefficient matrix associated with 
borehole wall temperatures of borehole 𝑖𝑖𝑏𝑏 and 𝑻𝑻𝒃𝒃,𝒊𝒊𝒃𝒃  is a 𝑛𝑛𝑞𝑞,𝑖𝑖𝑏𝑏 × 1 column vector of the borehole 
wall temperatures along the 𝑛𝑛𝑞𝑞,𝑖𝑖𝑏𝑏 segments of borehole 𝑖𝑖𝑏𝑏. The derivation of the coefficient 
matrices is presented in appendix. The division of boreholes into segments is necessary to 
consider the axial variations of the heat extraction rates along the boreholes. Values of borehole 
wall temperatures are obtained from the bore field heat transfer problem. The bore field heat 
transfer problem is later described in Section 2.3. 
The coefficient matrix and vector for the heat balance problem of a borehole 𝑖𝑖𝑏𝑏 
corresponding to component 𝑖𝑖𝑐𝑐 in the system are obtained by rearranging Equation (23). The 
coefficient matrices and vectors for a borehole component are given by: 
 𝒂𝒂?̇?𝒎𝒇𝒇,𝒊𝒊𝒄𝒄 = 𝑰𝑰𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏  (24) 
 𝒃𝒃?̇?𝒎𝒇𝒇,𝒊𝒊𝒄𝒄 = 𝟎𝟎𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏×𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏  (25)  
 𝒂𝒂𝑻𝑻𝒇𝒇,𝒊𝒊𝒄𝒄 = 𝑬𝑬𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒃𝒃−𝟏𝟏 �𝐻𝐻𝑖𝑖𝑏𝑏�𝑬𝑬𝒊𝒊𝒊𝒊,𝒊𝒊𝒃𝒃�𝐻𝐻𝑖𝑖𝑏𝑏� (26) 
 𝒃𝒃𝑻𝑻𝒇𝒇,𝑖𝑖𝒄𝒄 = 𝑬𝑬𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒃𝒃−𝟏𝟏 �𝐻𝐻𝑖𝑖𝑏𝑏�𝑬𝑬𝒃𝒃,𝒊𝒊𝒃𝒃�𝐻𝐻𝑖𝑖𝑏𝑏�𝑻𝑻𝒃𝒃,𝒊𝒊𝒃𝒃 (27) 
where 𝑰𝑰𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏  is the 𝑛𝑛𝑝𝑝,𝑖𝑖𝑏𝑏 × 𝑛𝑛𝑝𝑝,𝑖𝑖𝑏𝑏 identity matrix. Note that the coefficient vector for the heat 
balance problem, 𝒃𝒃𝑻𝑻𝒇𝒇,𝒊𝒊𝒄𝒄 , is dependent on the borehole wall temperatures obtained from the bore 
field heat transfer problem. 
2.2. System-level mass and heat balance problems 
System-level mass and heat balance problems for the entire system may be constructed by 
assembly of the component-level mass and heat balance problems of each component in the 
system. The system-level problems have the same form as the component-level problems in 
Equations (1) and (2): 
 ?̇?𝒎𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐 = 𝑨𝑨?̇?𝒎𝒇𝒇?̇?𝒎𝒇𝒇,𝒊𝒊𝒊𝒊 + 𝑩𝑩?̇?𝒎𝒇𝒇 (28) 
 𝑻𝑻𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐 = 𝑨𝑨𝑻𝑻𝒇𝒇𝑻𝑻𝒇𝒇,𝒊𝒊𝒊𝒊 + 𝑩𝑩𝑻𝑻𝒇𝒇 (29) 
where 𝑨𝑨?̇?𝒎𝒇𝒇, 𝑩𝑩?̇?𝒎𝒇𝒇, 𝑨𝑨𝑻𝑻𝒇𝒇 and 𝑩𝑩𝑻𝑻𝒇𝒇 are system-level coefficient matrices and vectors for the mass and 
heat balance problems and are obtained by assembling the coefficient matrices and vectors from 
all components in the system: 
 𝑨𝑨?̇?𝒎𝒇𝒇 = �𝒂𝒂?̇?𝒎𝒇𝒇,𝟏𝟏 ⋯ 𝟎𝟎⋮ ⋱ ⋮
𝟎𝟎 ⋯ 𝒂𝒂?̇?𝒎𝒇𝒇,𝑵𝑵𝒄𝒄� ,   𝑩𝑩?̇?𝒎𝒇𝒇 = �
𝒃𝒃?̇?𝒎𝒇𝒇,𝟏𝟏
⋮
𝒃𝒃?̇?𝒎𝒇𝒇,𝑵𝑵𝒄𝒄� (30) 
 𝑨𝑨𝑻𝑻𝒇𝒇 = �𝒂𝒂𝑻𝑻𝒇𝒇,𝟏𝟏 ⋯ 𝟎𝟎⋮ ⋱ ⋮
𝟎𝟎 ⋯ 𝒂𝒂𝑻𝑻𝒇𝒇,𝑵𝑵𝒄𝒄� ,   𝑩𝑩T𝒇𝒇 = �
𝒃𝒃𝑻𝑻𝒇𝒇,𝟏𝟏
⋮
𝒃𝒃𝑻𝑻𝒇𝒇,𝑵𝑵𝒄𝒄� (31) 
?̇?𝒎𝒇𝒇,𝒊𝒊𝒊𝒊, ?̇?𝒎𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐, 𝑻𝑻𝒇𝒇,𝒊𝒊𝒊𝒊 and 𝑻𝑻𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐 are system-level vectors of the inlet and outlet mass flow 
rates and fluid temperatures of all components in the system: 
 ?̇?𝒎𝒇𝒇,𝒊𝒊𝒊𝒊 = � ?̇?𝒎𝒇𝒇,𝒊𝒊𝒊𝒊,𝟏𝟏⋮
?̇?𝒎𝒇𝒇,i𝒊𝒊,𝑵𝑵𝒄𝒄� , ?̇?𝒎𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐 = �
?̇?𝒎𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐,𝟏𝟏
⋮
?̇?𝒎𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐,𝑵𝑵𝒄𝒄� (32) 
 𝑻𝑻𝒇𝒇,𝒊𝒊𝒊𝒊 = � 𝑻𝑻𝒇𝒇,𝒊𝒊𝒊𝒊,𝟏𝟏⋮
𝑻𝑻𝒇𝒇,𝒊𝒊𝒊𝒊,𝑵𝑵𝒄𝒄� , 𝑻𝑻𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐 = �
𝑻𝑻𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐,𝟏𝟏
⋮
𝑻𝑻𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐,𝑵𝑵𝒄𝒄� (33) 
Equations (28) and (29) can’t be solved at this stage, since both inlet and outlet values of 
the mass flow rates and fluid temperatures are unknown. To complete the formulation of the 
system-level problems, connections between outlets and inlets of system components need to be 
considered. Each outlet of each component is connected to an inlet of another component. As 
such, the relation between inlet and outlet mass flow rates and fluid temperatures are given by: 
 ?̇?𝒎𝒇𝒇,𝒊𝒊𝒊𝒊 = 𝑪𝑪?̇?𝒎𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐 (34)  
 𝑻𝑻𝒇𝒇,𝒊𝒊𝒊𝒊 = 𝑪𝑪𝑻𝑻𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐 (35) 
where 𝑪𝑪 is the component connectivity matrix, structured as follows: 
 𝑪𝑪 = � 𝑐𝑐1,1 ⋯ 𝑐𝑐1,𝑁𝑁𝑜𝑜𝑜𝑜𝑜𝑜⋮ ⋱ ⋮
𝑐𝑐𝑁𝑁𝑖𝑖𝑖𝑖,1 ⋯ 𝑐𝑐𝑁𝑁𝑖𝑖𝑖𝑖,𝑁𝑁𝑜𝑜𝑜𝑜𝑜𝑜� (36) 
For each outlet 𝑗𝑗𝑜𝑜𝑜𝑜𝑜𝑜 of each component 𝑗𝑗𝑐𝑐 connected to inlet 𝑖𝑖𝑖𝑖𝑖𝑖 of component 𝑖𝑖𝑐𝑐, the 
matrix coefficient 𝑐𝑐𝑖𝑖,𝑗𝑗 = 1, where 𝑖𝑖 = 𝑖𝑖𝑖𝑖𝑖𝑖 + ∑ 𝑛𝑛𝑖𝑖𝑖𝑖,𝑘𝑘𝑖𝑖𝑐𝑐−1𝑘𝑘=1  and 𝑗𝑗 = 𝑗𝑗𝑜𝑜𝑜𝑜𝑜𝑜 + ∑ 𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜,𝑘𝑘𝑗𝑗𝑐𝑐−1𝑘𝑘=1  are the 
cumulative indices of the connected outlet and inlet in the global system. All other matrix 
coefficients are zero. 
Introducing Equations (34) and (35) into Equations (28) and (29), the system-level mass 
and heat balance problems can be solved for the outlet mass flow rates and fluid temperatures: 
 ?̇?𝒎𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐 = �𝑰𝑰𝑵𝑵𝒐𝒐𝒐𝒐𝒐𝒐 − 𝑨𝑨?̇?𝒎𝒇𝒇𝑪𝑪�−𝟏𝟏 𝑩𝑩?̇?𝒎𝒇𝒇  (37) 
 𝑻𝑻𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐 = �𝑰𝑰𝑵𝑵𝒐𝒐𝒐𝒐𝒐𝒐 − 𝑨𝑨𝑻𝑻𝒇𝒇𝑪𝑪�−𝟏𝟏 𝑩𝑩𝑻𝑻𝒇𝒇 (38) 
where 𝑁𝑁𝑜𝑜𝑜𝑜𝑜𝑜 = ∑ 𝑛𝑛𝑜𝑜𝑜𝑜𝑜𝑜,𝑘𝑘𝑁𝑁𝑐𝑐𝑘𝑘=1  is the total number of fluid outlets in the system and 𝑁𝑁𝑐𝑐 is the number 
of system components. 
The inlet mass flow rates and fluid temperatures can then be calculated from Equations 
(34) and (35). 
2.3. Bore field heat transfer problem 
2.3.1. Ground heat transfer 
Ground temperature variations at the borehole walls due to extraction and injection of 
heat from and into the ground are calculated using the finite line source analytical solution 
(Cimmino and Bernier 2014). The ground is assumed to have uniform and isotropic thermal 
conductivity 𝑘𝑘𝑠𝑠 and thermal diffusivity 𝛼𝛼𝑠𝑠, and the heat transfer process in the bore field is 
assumed to result only from conduction. The ground surface temperature is constant and equal to 
the undisturbed ground temperature 𝑇𝑇𝑎𝑎,0. Each borehole 𝑖𝑖𝑏𝑏 is divided into a number 𝑛𝑛𝑞𝑞,𝑖𝑖𝑏𝑏 of 
borehole segments, each represented by a line heat source segment, as shown on Figure 7. The 
temperature drop at the wall of a segment 𝑢𝑢 of a borehole 𝑖𝑖𝑏𝑏 due to continuous heat extraction 
starting at time 𝑡𝑡 = 0 at a segment 𝑣𝑣 of a borehole 𝑗𝑗𝑏𝑏 is given by: 
 Δ𝑇𝑇𝑏𝑏,𝑖𝑖𝑏𝑏,𝑗𝑗𝑏𝑏,𝑜𝑜,𝑣𝑣(𝑡𝑡) = 12𝜋𝜋𝑘𝑘𝑠𝑠𝐻𝐻𝑖𝑖𝑏𝑏,𝑜𝑜 ℎ𝑖𝑖𝑏𝑏,𝑗𝑗𝑏𝑏,𝑜𝑜,𝑣𝑣(𝑡𝑡)?̇?𝑄𝑏𝑏,𝑗𝑗𝑏𝑏,𝑣𝑣 (39) 
where Δ𝑇𝑇𝑏𝑏,𝑖𝑖𝑏𝑏,𝑗𝑗𝑏𝑏,𝑜𝑜,𝑣𝑣 is the temperature drop at the wall of a segment 𝑢𝑢 of a borehole 𝑖𝑖𝑏𝑏 due to 
continuous heat extraction starting at time 𝑡𝑡 = 0 at a segment 𝑣𝑣 of a borehole 𝑗𝑗𝑏𝑏, ℎ𝑖𝑖𝑏𝑏,𝑗𝑗𝑏𝑏,𝑜𝑜,𝑣𝑣 is the 
segment-to-segment response factor from segment 𝑣𝑣 of borehole 𝑗𝑗𝑏𝑏 to segment 𝑢𝑢 of borehole 𝑖𝑖𝑏𝑏 
and ?̇?𝑄𝑏𝑏,𝑗𝑗𝑏𝑏,𝑣𝑣 is the constant and uniform heat extraction rate over segment 𝑣𝑣 of borehole 𝑗𝑗𝑏𝑏. 
 
Figure 7. Segment-to-segment thermal response factors 
The segment-to-segment response factors are given by the finite line source analytical 
solution (Cimmino and Bernier 2014): 
 ℎ𝑖𝑖𝑏𝑏,𝑗𝑗𝑏𝑏,𝑜𝑜,𝑣𝑣(𝑡𝑡) = 12𝐻𝐻𝑖𝑖𝑏𝑏,𝑜𝑜 ∫ 1𝑠𝑠2 exp�−𝑑𝑑𝑖𝑖𝑏𝑏,𝑗𝑗𝑏𝑏2 𝑠𝑠2� 𝐼𝐼𝐹𝐹𝐿𝐿𝐿𝐿(𝑠𝑠)𝑑𝑑𝑠𝑠∞1 �4𝛼𝛼𝑠𝑠𝑜𝑜⁄  (40) 
𝐼𝐼𝐹𝐹𝐿𝐿𝐿𝐿(𝑠𝑠) = erfint ��𝐷𝐷𝑖𝑖𝑏𝑏,𝑜𝑜 − 𝐷𝐷𝑗𝑗𝑏𝑏,𝑣𝑣 + 𝐻𝐻𝑖𝑖𝑏𝑏,𝑜𝑜�𝑠𝑠� − erfint ��𝐷𝐷𝑖𝑖𝑏𝑏,𝑜𝑜 − 𝐷𝐷𝑗𝑗𝑏𝑏,𝑣𝑣�s�  + erfint ��𝐷𝐷𝑖𝑖𝑏𝑏,𝑜𝑜 −
𝐷𝐷𝑗𝑗𝑏𝑏,𝑣𝑣 − 𝐻𝐻𝑗𝑗𝑏𝑏,𝑣𝑣�𝑠𝑠� − erfint ��𝐷𝐷𝑖𝑖𝑏𝑏,𝑜𝑜 − 𝐷𝐷𝑗𝑗𝑏𝑏,𝑣𝑣 + 𝐻𝐻𝑖𝑖𝑏𝑏,𝑜𝑜 − 𝐻𝐻𝑗𝑗𝑏𝑏,𝑣𝑣�𝑠𝑠� + erfint ��𝐷𝐷𝑖𝑖𝑏𝑏,𝑜𝑜 + 𝐷𝐷𝑗𝑗𝑏𝑏,𝑣𝑣 +
𝐻𝐻𝑖𝑖𝑏𝑏,𝑜𝑜�𝑠𝑠� − erfint ��𝐷𝐷𝑖𝑖𝑏𝑏,𝑜𝑜 + 𝐷𝐷𝑗𝑗𝑏𝑏,𝑣𝑣�𝑠𝑠� + erfint ��𝐷𝐷𝑖𝑖𝑏𝑏,𝑜𝑜 + 𝐷𝐷𝑗𝑗𝑏𝑏,𝑣𝑣 + 𝐻𝐻𝑗𝑗𝑏𝑏,𝑣𝑣�𝑠𝑠� − erfint ��𝐷𝐷𝑖𝑖𝑏𝑏,𝑜𝑜 +
𝐷𝐷𝑗𝑗𝑏𝑏,𝑣𝑣 + 𝐻𝐻𝑖𝑖𝑏𝑏,𝑜𝑜 + 𝐻𝐻𝑗𝑗𝑏𝑏,𝑣𝑣�𝑠𝑠�  (41) 
 erfint(𝑋𝑋) = ∫ erf(𝑥𝑥′)𝑑𝑑𝑥𝑥′𝑋𝑋0 = 𝑋𝑋 erf(𝑋𝑋) − 1√𝜋𝜋 (1 − exp(−𝑋𝑋2)) (42) 
 𝑑𝑑𝑖𝑖𝑏𝑏,𝑗𝑗𝑏𝑏 = �𝑟𝑟𝑏𝑏,𝑖𝑖𝑏𝑏 for 𝑖𝑖 = 𝑗𝑗��𝑥𝑥𝑖𝑖𝑏𝑏 − 𝑥𝑥𝑗𝑗𝑏𝑏�2 + �𝑦𝑦𝑖𝑖𝑏𝑏 − 𝑦𝑦𝑗𝑗𝑏𝑏�2 for 𝑖𝑖 ≠ 𝑗𝑗 (43) 
where 𝐻𝐻𝑖𝑖𝑏𝑏,𝑜𝑜 = 𝐻𝐻𝑖𝑖𝑏𝑏 𝑛𝑛𝑞𝑞,𝑖𝑖𝑏𝑏⁄  and 𝐻𝐻𝑗𝑗𝑏𝑏,𝑣𝑣 = 𝐻𝐻𝑗𝑗𝑏𝑏 𝑛𝑛𝑞𝑞,𝑗𝑗𝑏𝑏⁄  are the lengths of segment 𝑢𝑢 of borehole 𝑖𝑖𝑏𝑏 and 
segment 𝑣𝑣 of borehole 𝑗𝑗𝑏𝑏, respectively, 𝐷𝐷𝑖𝑖𝑏𝑏,𝑜𝑜 = 𝐷𝐷𝑖𝑖𝑏𝑏 + (𝑢𝑢 − 1)𝐻𝐻𝑖𝑖𝑏𝑏 𝑛𝑛𝑞𝑞,𝑖𝑖𝑏𝑏⁄  and 𝐷𝐷𝑗𝑗𝑏𝑏,𝑣𝑣 = 𝐷𝐷𝑗𝑗𝑏𝑏 +(𝑣𝑣 − 1)𝐻𝐻𝑗𝑗𝑏𝑏 𝑛𝑛𝑞𝑞,𝑗𝑗𝑏𝑏⁄  are the buried depths of segment 𝑢𝑢 of borehole 𝑖𝑖𝑏𝑏 and segment 𝑣𝑣 of borehole 
𝑗𝑗𝑏𝑏, respectively, and 𝑑𝑑𝑖𝑖𝑏𝑏,𝑗𝑗𝑏𝑏 is the radial distance between borehole 𝑖𝑖𝑏𝑏 and borehole 𝑗𝑗𝑏𝑏, positioned 
at coordinates �𝑥𝑥𝑖𝑖𝑏𝑏 ,𝑦𝑦𝑖𝑖𝑏𝑏� and �𝑥𝑥𝑗𝑗𝑏𝑏 ,𝑦𝑦𝑗𝑗𝑏𝑏�, respectively. 
For a succession of heat extraction rates ?̇?𝑄𝑏𝑏,𝑗𝑗𝑏𝑏,𝑣𝑣(𝑡𝑡𝑘𝑘) constant over each time step 𝑡𝑡𝑘𝑘−1 <
𝑡𝑡 ≤ 𝑡𝑡𝑘𝑘, with Δ𝑡𝑡 = 𝑡𝑡𝑘𝑘 − 𝑡𝑡𝑘𝑘−1 the simulation time step, the total borehole wall temperature 
variations are obtained from the spatial superposition of the finite line source solution of all line 
sources in the bore field: 
 𝑻𝑻𝒃𝒃(𝑡𝑡𝑘𝑘) = 𝑻𝑻𝒃𝒃,𝟎𝟎(𝑡𝑡𝑘𝑘) −𝑯𝑯(Δ𝑡𝑡)?̇?𝑸𝒃𝒃(𝑡𝑡𝑘𝑘) (44) 
where 𝑻𝑻𝒃𝒃 is a 𝑁𝑁𝑞𝑞 × 1 column vector of the borehole wall temperatures at all segments of all 
boreholes, with 𝑁𝑁𝑞𝑞 = ∑ 𝑛𝑛𝑞𝑞,𝑖𝑖𝑏𝑏𝑁𝑁𝑏𝑏𝑖𝑖𝑏𝑏=1  the total number of borehole segments in the bore field and 𝑁𝑁𝑏𝑏 
the number of boreholes, ?̇?𝑸𝒃𝒃 is a 𝑁𝑁𝑞𝑞 × 1 column vector of the heat extraction rates at all 
segments of all boreholes and 𝑯𝑯 is a 𝑁𝑁𝑞𝑞 × 𝑁𝑁𝑞𝑞 matrix of the segment-to-segment thermal 
response factors. The borehole wall temperature and heat extraction rate vectors and the 
segment-to-segment response factor matrix are structured as follows: 
 𝑻𝑻𝒃𝒃(𝑡𝑡𝑘𝑘) = � 𝑻𝑻𝒃𝒃,𝟏𝟏(𝑡𝑡𝑘𝑘)⋮
𝑻𝑻𝒃𝒃,𝑵𝑵𝒃𝒃(𝑡𝑡𝑘𝑘)� ,   𝑻𝑻𝒃𝒃,𝒊𝒊𝒃𝒃(𝑡𝑡𝑘𝑘) = �
𝑇𝑇𝑏𝑏,𝑖𝑖𝑏𝑏,1(𝑡𝑡𝑘𝑘)
⋮
𝑇𝑇𝑏𝑏,𝑖𝑖𝑏𝑏,𝑖𝑖𝑞𝑞,𝑖𝑖𝑏𝑏(𝑡𝑡𝑘𝑘)� (45) 
 ?̇?𝑸𝒃𝒃(𝑡𝑡𝑘𝑘) = � ?̇?𝑸𝒃𝒃,𝟏𝟏(𝑡𝑡𝑘𝑘)⋮
?̇?𝑸𝒃𝒃,𝑵𝑵𝒃𝒃(𝑡𝑡𝑘𝑘)� ,   ?̇?𝑸𝒃𝒃,𝒊𝒊𝒃𝒃(𝑡𝑡𝑘𝑘) = �
?̇?𝑄𝑏𝑏,𝑖𝑖𝑏𝑏,1(𝑡𝑡𝑘𝑘)
⋮
?̇?𝑄𝑏𝑏,𝑖𝑖𝑏𝑏,𝑖𝑖𝑞𝑞,𝑖𝑖𝑏𝑏(𝑡𝑡𝑘𝑘)� (46) 
 𝑯𝑯(𝑡𝑡) = � 𝑯𝑯𝟏𝟏,𝟏𝟏(𝑡𝑡) ⋯ 𝑯𝑯𝟏𝟏,𝑵𝑵𝒃𝒃(𝑡𝑡)⋮ ⋱ ⋮
𝑯𝑯𝑵𝑵𝒃𝒃,𝟏𝟏(𝑡𝑡) ⋯ 𝑯𝑯𝑵𝑵𝒃𝒃,𝑵𝑵𝒃𝒃(𝑡𝑡)� ,   𝑯𝑯𝒊𝒊𝒃𝒃,𝒋𝒋𝒃𝒃(𝑡𝑡) =
1
2𝜋𝜋𝑘𝑘𝑠𝑠𝐻𝐻𝑖𝑖𝑏𝑏 𝑖𝑖𝑞𝑞,𝑖𝑖𝑏𝑏� �
ℎ𝑖𝑖𝑏𝑏,𝑗𝑗𝑏𝑏,1,1(𝑡𝑡) ⋯ ℎ𝑖𝑖𝑏𝑏,𝑗𝑗𝑏𝑏,1,𝑖𝑖𝑞𝑞,𝑗𝑗𝑏𝑏(𝑡𝑡)
⋮ ⋱ ⋮
ℎ𝑖𝑖𝑏𝑏,𝑗𝑗𝑏𝑏,𝑖𝑖𝑞𝑞,𝑖𝑖𝑏𝑏 ,1(𝑡𝑡) ⋯ ℎ𝑖𝑖𝑏𝑏,𝑗𝑗𝑏𝑏,𝑖𝑖𝑞𝑞,𝑖𝑖𝑏𝑏,𝑖𝑖𝑞𝑞,𝑗𝑗𝑏𝑏(𝑡𝑡)� (47) 
𝑻𝑻𝒃𝒃,𝟎𝟎(𝑡𝑡𝑘𝑘) in Equation (44) is a 𝑁𝑁𝑞𝑞 × 1 column vector of the borehole wall temperatures at 
all segments of all boreholes assuming no heat extraction at any borehole segment over 𝑡𝑡𝑘𝑘−1 <
𝑡𝑡 ≤ 𝑡𝑡𝑘𝑘. This temperature vector is obtained from the temporal and spatial superpositions of the 
finite line source solution for all time steps preceding time 𝑡𝑡𝑘𝑘: 
 𝑻𝑻𝒃𝒃,𝟎𝟎(𝑡𝑡𝑘𝑘) = 𝑻𝑻𝒈𝒈(𝑡𝑡𝑘𝑘) − ∑ �𝑯𝑯�𝑡𝑡𝑘𝑘 − 𝑡𝑡𝑝𝑝−1� − 𝑯𝑯�𝑡𝑡𝑘𝑘 − 𝑡𝑡𝑝𝑝�� ?̇?𝑸𝒃𝒃�𝑡𝑡𝑝𝑝�𝑘𝑘−1𝑝𝑝=1  (48) 
where 𝑻𝑻𝒈𝒈 is a 𝑁𝑁𝑞𝑞 × 1 column vector of the undisturbed ground temperatures at all segments of 
all boreholes. 
The summation process in Equation (48) becomes increasingly expensive in terms of 
computational time as the number of time steps in the simulation increases. Additionally, 
Equation (48) requires the evaluation of the segment-to-segment thermal response factors at all 
times 𝑡𝑡𝑘𝑘 of the simulation, which in the case of the finite line source solution (Equation (40)) 
requires numerical evaluations of an integral. To accelerate the temporal superposition process, 
the load aggregation method of Claesson and Javed (Claesson and Javed 2012) is employed. This 
load aggregation method averages past heat extraction rates into a limited number of so-called 
load aggregation cells. The size of load aggregation cells doubles at each level of aggregation. 
Six cells per level of aggregation are used in this work. The size of a given load aggregation cell 
is given by: 
 Δ𝑡𝑡𝑝𝑝 = 2𝑣𝑣−1Δ𝑡𝑡 (49) 
 𝑣𝑣 = ceil�𝑝𝑝 6� � (50) 
where Δ𝑡𝑡𝑝𝑝 is the size of load aggregation cell 𝑝𝑝. 
Aggregated loads are shifted one time step every time step of the simulation: 
 𝑸𝑸�𝒃𝒃,𝒑𝒑(𝒌𝒌) =
⎩
⎪
⎨
⎪
⎧𝑸𝑸�𝒃𝒃,𝒋𝒋,𝒑𝒑−𝟏𝟏(𝒌𝒌−𝟏𝟏) Δ𝑜𝑜Δ𝑜𝑜𝑠𝑠 + 𝑸𝑸�𝒃𝒃,𝒋𝒋,𝒑𝒑(𝒌𝒌−𝟏𝟏) Δ𝑜𝑜𝑠𝑠−Δ𝑜𝑜Δ𝑜𝑜𝑠𝑠 , 𝑡𝑡𝑝𝑝∗ < 𝑡𝑡𝑘𝑘
𝑸𝑸�𝒃𝒃,𝒋𝒋,𝒑𝒑−𝟏𝟏(𝒌𝒌−𝟏𝟏) Δ𝑜𝑜Δ𝑜𝑜𝑠𝑠 + 𝑸𝑸�𝒃𝒃,𝒋𝒋,𝒑𝒑(𝒌𝒌−𝟏𝟏), 𝑡𝑡𝑝𝑝∗ ≥ 𝑡𝑡𝑘𝑘 and 𝑡𝑡𝑝𝑝−1∗ < 𝑡𝑡𝑘𝑘0, 𝑡𝑡𝑝𝑝−1∗ ≥ 𝑡𝑡𝑘𝑘  (51) 
where 𝑸𝑸�𝒃𝒃,𝟏𝟏(𝒌𝒌) = ?̇?𝑸𝒃𝒃(𝑡𝑡𝑘𝑘) is the value of the aggregated heat extraction rates in the first aggregation 
cell at the 𝑘𝑘-th time step, equal to the value of the heat extraction rates at time 𝑡𝑡𝑘𝑘. 
The result of the temporal superposition of Equation (48) is estimated based on the 
aggregated values of the heat extraction rates: 
 𝑻𝑻𝒃𝒃,𝟎𝟎(𝑡𝑡𝑘𝑘) = 𝑻𝑻𝒈𝒈(𝑡𝑡𝑘𝑘) − ∑ �𝑯𝑯�𝑡𝑡𝑝𝑝∗� − 𝑯𝑯�𝑡𝑡𝑝𝑝−1∗ ��𝑸𝑸�𝒃𝒃,𝒑𝒑(𝒌𝒌)𝑁𝑁𝑎𝑎𝑎𝑎𝑎𝑎𝑝𝑝=2  (52) 
where 𝑡𝑡𝑝𝑝
∗ = ∑ Δ𝑡𝑡𝑝𝑝𝑝𝑝𝑘𝑘=1  is the time associated with load aggregation cell 𝑝𝑝 and 𝑁𝑁𝑎𝑎𝑎𝑎𝑎𝑎 is the total 
number of load aggregation cells. In addition to decreasing the number of terms in the temporal 
superposition process, Equation (52) only requires the evaluation of the segment-to-segment 
response factors at a limited number 𝑁𝑁𝑎𝑎𝑎𝑎𝑎𝑎 of time values 𝑡𝑡𝑝𝑝
∗ . 
2.3.2. Borehole heat transfer 
When the heat extraction rates are known, the borehole wall temperatures may be simply 
calculated from the combination of Equations (44) and (52). However, in the present case, the 
fluid network model returns the inlet fluid temperatures into the boreholes. For any borehole 𝑖𝑖𝑏𝑏, a 
linear relation between borehole wall temperatures and borehole heat extraction rates is assumed:  
 ?̇?𝑸𝒃𝒃,𝒊𝒊𝒃𝒃(𝑡𝑡𝑘𝑘) = 𝒂𝒂𝑸𝑸𝒃𝒃,𝒊𝒊𝒃𝒃𝑻𝑻𝒃𝒃,𝒊𝒊𝒃𝒃(𝑡𝑡𝑘𝑘) + 𝒃𝒃𝑸𝑸𝒃𝒃,𝒊𝒊𝑏𝑏 (53) 
where 𝒂𝒂𝑸𝑸𝒃𝒃,𝒊𝒊𝒃𝒃  is a 𝑛𝑛𝑞𝑞,𝑖𝑖𝑏𝑏 × 𝑛𝑛𝑞𝑞,𝑖𝑖𝑏𝑏 matrix of coefficients and 𝒃𝒃𝑸𝑸𝒃𝒃,𝒊𝒊𝑏𝑏 is a 𝑛𝑛𝑞𝑞,𝑖𝑖𝑏𝑏 × 1 column vector of 
coefficients for the heat transfer problem in borehole 𝑖𝑖𝑏𝑏. 
As shown in the borehole heat transfer model presented in appendix, the borehole heat 
extraction rates of a borehole 𝑖𝑖𝑏𝑏 are obtained from its borehole wall temperatures and inlet fluid 
temperatures. Equation (A16) for borehole heat extraction rates is repeated here: 
 ?̇?𝑸𝒃𝒃,𝒊𝒊𝒃𝒃(𝑡𝑡𝑘𝑘) = −𝚫𝚫𝑭𝑭𝒊𝒊𝒃𝒃𝑻𝑻𝒃𝒃,𝒊𝒊𝒃𝒃(𝑡𝑡𝑘𝑘) + 𝚫𝚫𝑬𝑬𝒊𝒊𝒃𝒃 � 𝑰𝑰𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏𝑬𝑬𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒃𝒃−𝟏𝟏 �𝐻𝐻𝑖𝑖𝑏𝑏�𝑬𝑬𝒊𝒊𝒊𝒊,𝒊𝒊𝒃𝒃�𝐻𝐻𝑖𝑖𝑏𝑏�� 𝑻𝑻𝒇𝒇,𝒊𝒊𝒊𝒊,𝒊𝒊𝒃𝒃 (54) 
where 𝚫𝚫𝑭𝑭𝒊𝒊𝒃𝒃 is a 𝑛𝑛𝑞𝑞,𝑖𝑖𝑏𝑏 × 𝑛𝑛𝑞𝑞,𝑖𝑖𝑏𝑏  coefficient matrix and 𝚫𝚫𝑬𝑬𝒊𝒊𝒃𝒃 is a 𝑛𝑛𝑞𝑞,𝑖𝑖𝑏𝑏 × 𝑛𝑛𝑝𝑝,𝑖𝑖𝑏𝑏 coefficient matrix. The 
derivation of the coefficient matrices is presented in appendix. 
As mentioned in Section 2.1, while a steady-state analytical model of the borehole heat 
transfer is used in the present work, any suitable model could be used in the proposed 
methodology, given that the relationships between inlet and outlet fluid temperatures and 
between borehole wall temperatures and borehole heat extraction rates are expressed in the form 
of Equations (2) and (53). Non-linear terms may be included into the coefficient vectors 𝒃𝒃𝑻𝑻𝒇𝒇,𝒊𝒊𝒄𝒄  
and 𝒃𝒃𝑸𝑸𝒃𝒃,𝒊𝒊𝑏𝑏, if necessary. 
From Equation (54), the matrix and vector of coefficients for the borehole heat transfer 
problem are given by: 
 𝒂𝒂𝑸𝑸𝒃𝒃,𝒊𝒊𝒃𝒃 = −𝚫𝚫𝑭𝑭𝒊𝒊𝒃𝒃 (55) 
 𝒃𝒃𝑸𝑸𝒃𝒃,𝒊𝒊𝑏𝑏 = 𝚫𝚫𝑬𝑬𝒊𝒊𝒃𝒃 � 𝑰𝑰𝑖𝑖𝑠𝑠,i𝑏𝑏𝑬𝑬𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒃𝒃−𝟏𝟏 �𝐻𝐻𝑖𝑖𝑏𝑏�𝑬𝑬𝒊𝒊𝒊𝒊,𝒊𝒊𝒃𝒃�𝐻𝐻𝑖𝑖𝑏𝑏�� 𝑻𝑻𝒇𝒇,𝒊𝒊𝒊𝒊,𝒊𝒊𝒃𝒃 (56) 
The borehole heat transfer problem is formulated for all boreholes in the bore field. As 
was done for the mass and heat balance problems of the component models, a global system of 
equations can be assembled from the individual borehole heat transfer problems. The global bore 
field heat transfer problem and the global coefficient matrices and vector are given by: 
 ?̇?𝑸𝒃𝒃 = 𝑨𝑨𝑸𝑸𝒃𝒃𝑻𝑻𝒃𝒃 + 𝑩𝑩𝑸𝑸𝒃𝒃  (57) 
 𝑨𝑨𝑸𝑸𝒃𝒃 = �𝒂𝒂𝑸𝑸𝒃𝒃,𝟏𝟏 ⋯ 𝟎𝟎⋮ ⋱ ⋮
𝟎𝟎 ⋯ 𝒂𝒂𝑸𝑸𝒃𝒃,𝑵𝑵𝒃𝒃� ,   𝑩𝑩𝑸𝑸𝒃𝒃 = �
𝒃𝒃𝑸𝑸𝒃𝒃,𝟏𝟏
⋮
𝒃𝒃𝑸𝑸𝒃𝒃,𝑵𝑵𝒃𝒃� (58) 
Introducing Equation (57) into Equation (44), the borehole wall temperatures can be 
calculated for the given inlet fluid temperatures: 
 𝑻𝑻𝒃𝒃(𝑡𝑡𝑘𝑘) = �𝑰𝑰𝑁𝑁𝑞𝑞 + 𝑯𝑯(Δ𝑡𝑡)𝑨𝑨𝑸𝑸𝒃𝒃�−𝟏𝟏 �𝑻𝑻𝒃𝒃,𝟎𝟎(𝑡𝑡𝑘𝑘) −𝑯𝑯(Δ𝑡𝑡)𝑩𝑩𝑸𝑸𝒃𝒃� (59) 
Following the calculation of borehole wall temperatures, heat extraction rates can be 
calculated from Equation (57) when required for the aggregation of loads (Equations (51) and 
(52)). The formulation presented in Equation (59) greatly reduces the size of the system of 
equations to be solved when compared to other formulations where both the borehole wall 
temperatures and heat extraction rates are evaluated simultaneously, as for example in (Cimmino 
2016). The inverted matrix �𝑰𝑰𝑁𝑁𝑞𝑞 + 𝑯𝑯(Δ𝑡𝑡)𝑨𝑨𝑸𝑸𝒃𝒃� is then only of size 𝑁𝑁𝑞𝑞 × 𝑁𝑁𝑞𝑞, rather than 
�2𝑁𝑁𝑞𝑞 + 2𝑁𝑁𝑝𝑝� × �2𝑁𝑁𝑞𝑞 + 2𝑁𝑁𝑝𝑝�, where 𝑁𝑁𝑝𝑝 = ∑ 𝑛𝑛𝑝𝑝,𝑖𝑖𝑏𝑏𝑁𝑁𝑏𝑏𝑖𝑖𝑏𝑏=1  is the total number of U-tubes in the bore 
field. 
2.4. Numerical solution method 
The inlet and outlet fluid mass flow rates and temperatures in the system and the borehole wall 
temperatures in the bore field are evaluated by solving Equations (37), (38) and (59). Since the 
coefficients matrices and vectors in any of these equations may be dependent on the results of the 
other two equations, an iterative procedure is required. The numerical solution algorithm is 
presented on Figure 8. Fluid mass flow rates are solved at a relative tolerance 𝜀𝜀𝑟𝑟𝑟𝑟𝑙𝑙,?̇?𝑚𝑓𝑓 ≥
max
𝑖𝑖𝑐𝑐,𝑚𝑚 �?̇?𝑚𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐,𝑚𝑚(𝑖𝑖) −?̇?𝑚𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐,𝑚𝑚(𝑖𝑖−1)?̇?𝑚𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐,𝑚𝑚(𝑖𝑖−1) �, where ?̇?𝑚𝑓𝑓,𝑖𝑖𝑖𝑖,𝑖𝑖𝑐𝑐,𝑚𝑚(𝑖𝑖)  is the inlet mass flow rate at inlet 𝑚𝑚 of component 𝑖𝑖𝑐𝑐 
evaluated at iteration 𝑛𝑛. The inlet fluid temperatures and borehole wall temperatures are 
evaluated at absolute tolerances 𝜀𝜀𝑎𝑎𝑏𝑏𝑠𝑠,𝑇𝑇𝑓𝑓 ≥ max𝑖𝑖𝑐𝑐,𝑚𝑚 �𝑇𝑇𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐,𝑚𝑚(𝑖𝑖) − 𝑇𝑇𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜,𝑖𝑖𝑐𝑐,𝑚𝑚(𝑖𝑖−1) � and 𝜀𝜀𝑎𝑎𝑏𝑏𝑠𝑠,𝑇𝑇𝑏𝑏 ≥max
𝑖𝑖𝑏𝑏,𝑜𝑜 �𝑇𝑇𝑏𝑏,𝑖𝑖𝑏𝑏,𝑜𝑜(𝑖𝑖) − 𝑇𝑇𝑏𝑏,𝑖𝑖𝑏𝑏,𝑜𝑜(𝑖𝑖−1)�. 
 Figure 8. Numerical solution algorithm 
The numerical solution algorithm presented in Figure 8 has two iterative loops: one for 
mass flow rates (the outer loop) and one for fluid and borehole wall temperatures (the inner 
loop). The inner iterative loop is always required because coefficients for the heat balance 
problem in the boreholes and for the bore field heat transfer problem are dependent on both fluid 
and borehole wall temperatures. However, the matrix inverses in the system-level heat and mass 
balance problems and in the bore field heat transfer problem (Equations (37), (38) and (59)) can 
be stored and updated only when matrix coefficients (i.e. 𝒂𝒂?̇?𝒎𝒇𝒇,𝒊𝒊𝒄𝒄 , 𝒂𝒂𝑻𝑻𝒇𝒇,𝒊𝒊𝒄𝒄  and 𝒂𝒂𝑸𝑸𝒃𝒃,𝒊𝒊𝒃𝒃) are modified. 
For the system components presented in this paper, these matrix coefficients only sometimes 
change when the mass flow rates change. The outer loop can be omitted in cases where the mass 
flow rates are not dependent on fluid temperatures. 
3. Results 
The capabilities of the simulation model are tested in 20 year hourly simulations of 3 different 
geothermal heat pump systems for a 5,000 sq-ft office building located in Montreal, Canada. The 
building heating and cooling loads are evaluated in eQuest 3.65. The peak heating load is 
80.7 kW and the total required heating energy is 37,715 kWh. The peak cooling load is 46.4 kW 
and the total required cooling energy is 12,907 kWh. The hourly building heating (positive) and 
cooling (negative) loads are shown in Figure 9a. Simulation parameters shared by the 3 systems 
are presented in table 1. In all cases, simulations were done using absolute tolerances on 
temperatures 𝜀𝜀𝑎𝑎𝑏𝑏𝑠𝑠,𝑇𝑇𝑓𝑓 = 𝜀𝜀𝑎𝑎𝑏𝑏𝑠𝑠,𝑇𝑇𝑏𝑏 = 0.001°C and a relative tolerance on fluid mass flow rates 
𝜀𝜀𝑟𝑟𝑟𝑟𝑙𝑙,?̇?𝑚𝑓𝑓 = 1×10-6. All calculations were executed on the same computer equipped with a 4.2 GHz 
quad core (8 threads) processor. The simulation model was implemented in Python 2.7. 
 Figure 9. (a) Building loads, (b) ambient temperatures, and (c) solar radiation on solar collectors 
Table 1. Simulation parameters 
Parameter Value 
Simulation time step 1 h 
Maximum time 20 years 
Number of segments (per borehole) 12 ( - ) 
Buried depth 2.5 m 
Borehole length variable m 
Borehole spacing 5 m 
Borehole radius 0.075 m 
Pipe outer radius 0.017 m 
Pipe inner radius 0.013 m 
Shank spacing (center-to-center) 0.040 m 
Undisturbed ground temperature 10 °C 
Ground thermal conductivity 2.5 W/m-K 
Ground thermal diffusivity 1×10-6 m2/s 
Grout thermal conductivity 1.0 W/m-K 
Pipe thermal conductivity 0.4 W/m-K 
Fluid thermal conductivity 0.47 W/m-K 
Fluid dynamic viscosity 2.79×10-3 Pa-s 
Fluid density 1024 kg/m³ 
Fluid specific heat 3951 J/kg-K 
A ground-source heat pump provides both heating and cooling to the building. It is assumed that 
the heat pump capacity is sufficient to cover the peak heating and cooling loads. The heat pump 
coefficient of performance (COP) in the two modes are given by: 
𝐶𝐶𝐶𝐶𝐶𝐶 = �3.896 ∙ 10−4𝑇𝑇𝑓𝑓,𝑖𝑖𝑖𝑖,𝑖𝑖𝑐𝑐2 + 6.170 ∙ 10−2𝑇𝑇𝑓𝑓,𝑖𝑖𝑖𝑖,𝑖𝑖𝑐𝑐 + 3.376 if ?̇?𝑄𝑏𝑏𝑜𝑜𝑖𝑖𝑙𝑙𝑏𝑏𝑖𝑖𝑖𝑖𝑎𝑎 ≤ 0 (Heating) 5.478 ∙ 10−5𝑇𝑇𝑓𝑓,𝑖𝑖𝑖𝑖,𝑖𝑖𝑐𝑐2 − 1.206 ∙ 10−1𝑇𝑇𝑓𝑓,𝑖𝑖𝑖𝑖,𝑖𝑖𝑐𝑐 + 8.431 if ?̇?𝑄𝑏𝑏𝑜𝑜𝑖𝑖𝑙𝑙𝑏𝑏𝑖𝑖𝑖𝑖𝑎𝑎 > 0 (Cooling)  (60) 
where 𝑇𝑇𝑓𝑓,𝑖𝑖𝑖𝑖,𝑖𝑖 is the inlet fluid temperature into the heat source component representing the heat 
pump. The specified heat transfer rate of the heat source representing the heat pump is then: 
 ?̇?𝑄𝑖𝑖𝑐𝑐,𝑠𝑠𝑝𝑝𝑟𝑟𝑐𝑐𝑖𝑖𝑓𝑓𝑖𝑖𝑟𝑟𝑏𝑏 = �?̇?𝑄𝑏𝑏𝑜𝑜𝑖𝑖𝑙𝑙𝑏𝑏𝑖𝑖𝑖𝑖𝑎𝑎 �1 − 1𝐶𝐶𝐶𝐶𝐶𝐶� if ?̇?𝑄𝑏𝑏𝑜𝑜𝑖𝑖𝑙𝑙𝑏𝑏𝑖𝑖𝑖𝑖𝑎𝑎 ≤ 0 (Heating) 
?̇?𝑄𝑏𝑏𝑜𝑜𝑖𝑖𝑙𝑙𝑏𝑏𝑖𝑖𝑖𝑖𝑎𝑎 �1 + 1𝐶𝐶𝐶𝐶𝐶𝐶� if ?̇?𝑄𝑏𝑏𝑜𝑜𝑖𝑖𝑙𝑙𝑏𝑏𝑖𝑖𝑖𝑖𝑎𝑎 > 0 (Cooling)  (61) 
In the second and third presented cases, flat plate solar collectors are used to store solar 
thermal energy in the bore field and raise ground temperatures. The solar collectors have an 
effective area of 2.2 m2, a slope 𝛽𝛽 = 45° and face true south (𝛾𝛾 = 0°). The solar collector 
efficiency is given by: 
 𝜂𝜂 = 0.80 − 3.71 𝑇𝑇�𝑓𝑓−𝑇𝑇𝑎𝑎
𝐺𝐺
− 0.01 �𝑇𝑇�𝑓𝑓−𝑇𝑇𝑎𝑎�2
𝐺𝐺
 (62) 
where 𝜂𝜂 is the solar collector efficiency, 𝑇𝑇�𝑓𝑓 = 0.5�𝑇𝑇𝑓𝑓,𝑖𝑖𝑖𝑖,𝑗𝑗𝑐𝑐 + 𝑇𝑇𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜,𝑗𝑗𝑐𝑐� is the mean temperature in 
the solar collectors, 𝑇𝑇𝑎𝑎 is the ambient temperature and 𝐺𝐺 is the captured solar radiation. Hourly 
ambient temperatures are shown on Figure 9b and captured solar radiation by the tilted solar 
collectors on Figure 9c. The specified heat transfer rate of the heat source representing the solar 
collectors is then: 
 ?̇?𝑄𝑗𝑗𝑐𝑐,𝑠𝑠𝑝𝑝𝑟𝑟𝑐𝑐𝑖𝑖𝑓𝑓𝑖𝑖𝑟𝑟𝑏𝑏 = max(𝐺𝐺𝜂𝜂, 0) (63) 
3.1. Field of 16 parallel-connected boreholes 
A field of 16 boreholes positioned in a 4 × 4 array and connected in parallel is shown on 
Figure 10. The system includes a total of 19 components: 16 boreholes (1-16), a heat source (17), 
a flow splitter (18) and a flow mixer (19). Note that the piping pattern on Figure 10 is meant to 
represent the connections between the components as seen by the system model and not the 
actual piping pattern as would be seen in practice, although the two might be equivalent. 
Boreholes are equally spaced on a 4 × 4 rectangular grid with a spacing 𝐵𝐵 = 5 m. The borehole 
length 𝐻𝐻 = 115 m is equal for all boreholes and was chosen to obtain a minimum fluid 
temperature of 0°C in the system during the 20th simulation year and rounded up to the nearest 
5 m increment. The nominal fluid mass flow rate into the bore field is 4 kg/s and is evenly 
distributed amongst the boreholes. At all times when the heat pump is turned off (?̇?𝑄𝑖𝑖𝑐𝑐,𝑠𝑠𝑝𝑝𝑟𝑟𝑐𝑐𝑖𝑖𝑓𝑓𝑖𝑖𝑟𝑟𝑏𝑏 =
0), the mass flow rate is reduced to 5% of its nominal value. This is to approach the condition of 
no flow in the boreholes and avoid numerical errors associated with zero flow in the borehole 
heat transfer model. 
 
Figure 10. Field of 16 parallel-connected boreholes 
Simulation results are verified against a simulation using the corresponding g-function 
for the bore field presented in Figure 10. The g-function is calculated using the finite line source 
method of Cimmino (Cimmino 2015), which assumes the inlet temperature into the boreholes are 
equal and accounts for the thermal interaction between U-tube pipes and between each U-tube 
pipe and the borehole wall. The simulation using the g-function method uses the total heat 
extraction rate calculated from the simulation using the presented methodology. The average 
borehole wall temperature in the bore field and the inlet and outlet fluid temperatures are then 
given by: 
𝑇𝑇�𝑏𝑏(𝑡𝑡𝑘𝑘) = 𝑇𝑇�𝑏𝑏,0(𝑡𝑡𝑘𝑘) − 𝑎𝑎(Δ𝑜𝑜)2𝜋𝜋𝑘𝑘𝑠𝑠𝐻𝐻𝑜𝑜𝑜𝑜𝑜𝑜 ?̇?𝑄𝑜𝑜𝑜𝑜𝑜𝑜(𝑡𝑡𝑘𝑘) (64) 
𝑇𝑇�𝑓𝑓(𝑡𝑡𝑘𝑘) = 𝑇𝑇�𝑏𝑏(𝑡𝑡𝑘𝑘) − ?̇?𝑄𝑜𝑜𝑜𝑜𝑜𝑜(𝑜𝑜𝑘𝑘)𝐻𝐻𝑜𝑜𝑜𝑜𝑜𝑜 𝑅𝑅𝑏𝑏∗  (65) 
𝑇𝑇𝑓𝑓,𝑖𝑖𝑖𝑖(𝑡𝑡𝑘𝑘) = 𝑇𝑇�𝑓𝑓(𝑡𝑡𝑘𝑘) − 0.5 ?̇?𝑄𝑜𝑜𝑜𝑜𝑜𝑜(𝑜𝑜𝑘𝑘)?̇?𝑚𝑓𝑓,𝑖𝑖𝑖𝑖𝑐𝑐𝑠𝑠  (66)  
𝑇𝑇𝑓𝑓,𝑜𝑜𝑜𝑜𝑜𝑜(𝑡𝑡𝑘𝑘) = 𝑇𝑇�𝑓𝑓(𝑡𝑡𝑘𝑘) + 0.5 ?̇?𝑄𝑜𝑜𝑜𝑜𝑜𝑜(𝑜𝑜𝑘𝑘)?̇?𝑚𝑓𝑓,𝑖𝑖𝑖𝑖𝑐𝑐𝑠𝑠  (67) 
where 𝑇𝑇�𝑏𝑏 is the average borehole wall temperature in the bore field, 𝑇𝑇�𝑏𝑏,0 is the average borehole 
wall temperature assuming no heat extraction during the current time step calculated using a 
temporal superposition procedure equivalent to Equation (52), 𝑇𝑇�𝑓𝑓 is the arithmetic average of the 
inlet and outlet fluid temperatures, ?̇?𝑄𝑜𝑜𝑜𝑜𝑜𝑜 = −?̇?𝑄𝑖𝑖𝑐𝑐,𝑠𝑠𝑝𝑝𝑟𝑟𝑐𝑐𝑖𝑖𝑓𝑓𝑖𝑖𝑟𝑟𝑏𝑏 is the total heat extraction rate in the 
bore field, 𝐻𝐻𝑜𝑜𝑜𝑜𝑜𝑜 = 𝑁𝑁𝑏𝑏𝐻𝐻 is the total borehole length, 𝑅𝑅𝑏𝑏∗ = 0.177 m-K/W is the effective borehole 
thermal resistance and 𝑔𝑔 is the g-function. 
Calculated average borehole wall temperatures and inlet and outlet fluid temperatures and 
the total heat extraction rate using the proposed method and using the g-function method are 
presented in Figure 11 for hours 697-816 (5 weekdays, starting January 30th) of the 20th 
simulation year. It is shown that the predicted fluid and borehole wall temperatures are in close 
agreement: the maximum absolute difference (over all 20 years) on predicted temperatures is 
0.019°C. During the 20th simulation year, the minimum fluid temperature is 0.12°C, the total 
heat extracted is 27,663 kWh and the total heat injected is 14,753 kWh. 
 Figure 11. (a) Temperatures and (b) total heat extraction rates during five days of the 20th 
simulation year of the field of 16 parallel-connected boreholes 
The total simulation time using the presented methodology is 5,040 seconds, where 
15 seconds is the computational time required for the initialization of the component models 
including the calculation of the segment-to-segment response factors, 2,766 seconds is the 
computational time required for the temporal superposition algorithm and 2,186 seconds is the 
computational time required for the solution of the coupled system-level heat and mass balance 
problems and the bore field heat transfer problem. Note that the simulation time is heavily 
dependent on the number of segments used to discretize the boreholes: the simulation time using 
1 segment per borehole (16 segments in total), rather than 12 segments per borehole (192 
segments in total), is 457 seconds with 171 seconds spent on temporal superposition. 
3.2. Field of 16 parallel-connected boreholes with independent network of 8 parallel-
connected boreholes 
In this second case, 8 boreholes are added to the previous bore field and independently connected 
to an array of 16 flat plate solar collectors (35 m2 total effective area). The borehole positions are 
shown in Figure 12a and the system configuration for the added boreholes and solar collectors is 
shown on Figure 12b. The system includes a total of 30 components: 16 boreholes (1-16) 
connected to the heat pump, 8 boreholes (17-24) connected to the solar collectors, a heat source 
(25) representing the heat pump, a heat source (26) representing the solar collectors, two flow 
splitters (27-28) and two flow mixers (29-30). The borehole length is 𝐻𝐻1 = 85 m for boreholes 
connected to the heat pump and 𝐻𝐻2 = 𝐻𝐻1 3⁄  for boreholes connected to the solar collectors. Solar 
heat is stored in the second circuit to eventually raise the bore field temperature and allow for a 
reduced borehole length of the boreholes in the first circuit. The nominal fluid mass flow rate 
into the independent network of boreholes is 0.7 kg/s and is evenly distributed among the 
boreholes. As in the previous case, at all times when the solar collectors are not providing heat 
(?̇?𝑄𝑗𝑗𝑐𝑐,𝑠𝑠𝑝𝑝𝑟𝑟𝑐𝑐𝑖𝑖𝑓𝑓𝑖𝑖𝑟𝑟𝑏𝑏 = 0), the mass flow rate is reduced to 5% of its nominal value. 
 Figure 12. Field of 16 parallel-connected boreholes with independent cluster of 8 parallel-
connected boreholes: (a) borehole positions, and (b) system configuration 
Calculated average borehole wall temperatures and inlet and outlet fluid temperatures and 
the total heat extraction rate using the proposed method are presented in Figure 13 for hours 697-
816 (5 weekdays, starting January 30th) of the 20th simulation year. During the 20th simulation 
year, the minimum fluid temperature is 0.47°C, the total heat extracted by the heat pump is 
27,913 kWh, the total heat injected by the heat pump is 14,895 kWh and the total heat injected 
by the solar collectors is 34,098 kWh. The borehole wall and fluid temperature profiles of 
boreholes 5 and 20 are shown on Figure 14 for hour 756 of the last year (February 1st at 
12:00pm). It is shown that the boreholes connected to the solar collectors have successfully 
raised the ground temperature in the bore field: at this time, the borehole wall temperature of the 
upper third of borehole 5 is 1.09°C greater than the rest of its length. 
 
Figure 13. (a) Temperatures and (b) total heat extraction rates during five days of the 20th 
simulation year of the field of 16 parallel-connected boreholes with independent cluster of 8 
parallel-connected boreholes 
 Figure 14. Fluid and borehole wall temperature profiles of boreholes 5 and 20 
The total simulation time using the presented methodology is 14,257 seconds, where 
41 seconds is the computational time required for the initialization of the component models 
including the calculation of the segment-to-segment response factors, 10,263 seconds is the 
computational time required for the temporal superposition algorithm and 3,847 seconds is the 
computational time required for the solution of the coupled system-level heat and mass balance 
problems and the bore field heat transfer problem.  
3.3. Field of 16 boreholes in 4 parallel branches of 4 series-connected boreholes with 
two independent circuits in counterflow 
In this third case, 16 boreholes are divided into 4 parallel branches of 4 boreholes each. Each 
borehole has two independent U-tubes connected in series with other boreholes of the same 
branch. Boreholes are positioned on concentric involute spirals with an even spacing 𝐵𝐵 = 5 m 
between two adjacent branches and between two boreholes of the same branch. The borehole 
positions are shown in Figure 15 and the system configuration was previously shown on 
Figure 1. Fluid flows inwards in the circuit connected to the heat pump and outwards for the 
circuit connected to the solar collectors. This creates a counterflow heat exchanger within the 
bore field between the two circuits. The system includes a total of 22 components: 16 boreholes 
(1-16), a heat source (17) representing the heat pump, a heat source (18) representing the solar 
collectors, two flow splitters (19-20) and two flow mixer (21-22). The borehole length is 
𝐻𝐻 = 80 m for all boreholes. The nominal fluid mass flow rate of the circuit connected to the heat 
pump is 1.0 kg/s. The nominal fluid mass flow rate of the circuit connected to the solar collectors 
is 0.7 kg/s. Fluid flow is evenly distributed amongst the branches. As in the previous cases, when 
the heat pump is turned off or when no solar heat is stored, the mass flow rate of the associated 
circuit is reduced to 5% of its nominal value. 
 Figure 15. Position of boreholes in field of 16 boreholes with two independent fluid loops 
Calculated average borehole wall temperatures and inlet and outlet fluid temperatures and 
the total heat extraction rate using the proposed method are presented in Figure 16 for hours 697-
816 (5 weekdays, starting January 30th) of the 20th simulation year. During the 20th simulation 
year, the minimum fluid temperature is 0.44°C, the total heat extracted by the heat pump is 
28,028 kWh, the total heat injected by the heat pump is 14,998 kWh and the total heat injected 
by the solar collectors is 39,987 kWh. 
 Figure 16. (a) Temperatures and (b) total heat extraction rates during five days of the 20th 
simulation year of the field of 16 parallel-connected boreholes with two independent fluid 
loops 
The total simulation time using the presented methodology is 8,199 seconds, where 
33 seconds is the computational time required for the initialization of the component models 
including the calculation of the segment-to-segment response factors, 3,153 seconds is the 
computational time required for the temporal superposition algorithm and 4,928 seconds is the 
computational time required for the solution of the coupled system-level heat and mass balance 
problems and the bore field heat transfer problem. 
4. Discussion 
The simulation times of all presented cases are summarized in Table 2. Note that the total of the 
times required for initialization, temporal superposition and the solution of the systems of 
equations does not amount to the total simulation time. Other operations, such as the evaluation 
of heat pump COP and solar collector efficiency, are not included in any of the three categories. 
Across the three given cases, the simulation time increased with two factors: the number of finite 
line sources per borehole and the number of evaluated matrix inverses in the systems of 
equations (Equations (37), (38) and (59)). The number of finite line source segments increases 
the size of the matrices related to the bore field heat transfer problem and thus the computational 
time needed for the matrix multiplications in the temporal superposition process (Equation (52)) 
and for the inversion of the matrix in Equation (59). While this increase in simulation time may 
seem significant, especially when compared to simulations using only 1 segment per borehole, it 
is important to note that the resulting system model is then fully discretized in space and 
accounts for the distribution of temperatures of the fluid and the ground and of the heat 
extraction rates along the length of the boreholes and from borehole to borehole. 
Table 2 shows an important increase in the time required for temporal superposition with 
increasing number of segments in the bore field. For instance, temporal superposition in Case 1 
using 12 segments per borehole (i.e. 192 segments total) takes 2,766 s of simulation time while 
Case 2 using 12 segments per borehole (i.e. 288 segments total) takes 10,263 s of simulation 
time. This indicates that simulation of systems with hundreds of boreholes will be very time 
consuming. Improved temporal superposition techniques are needed for the simulation of very 
large amounts of boreholes. 
 
Table 2. Simulation times 
Case Initialization Temporal 
superposition 
System of 
equations 
Total 
Case 1 (12 segments) 15 s (0.3%) 2766 s (55%) 2186 s (43%) 5040 s 
Case 1 (1 segment) 3 s (0.7%) 171 s (37%) 253 s (55%) 457 s 
Case 2 41 s (0.3%) 10263 s (72%) 3847 s (27%) 14257 s 
Case 3 33 s (0.4%) 3153 s (38%) 4928 s (60%) 8199 s 
 
The matrix inverses in each of the systems of equations need to be evaluated whenever 
the coefficients in matrices 𝑨𝑨?̇?𝒎𝒇𝒇, 𝑨𝑨𝑻𝑻𝒇𝒇 and 𝑨𝑨𝑸𝑸𝒃𝒃  change. For the system component models 
presented in this paper, 𝑨𝑨?̇?𝒎𝒇𝒇 only changes if the mass flow rate fractions in a splitter component 
change, 𝑨𝑨𝑻𝑻𝒇𝒇 changes if the mass flow rate fractions in a mixer component changes or if the mass 
flow rates in any borehole changes, and 𝑨𝑨𝑸𝑸𝒃𝒃  changes if the mass flow rate in any borehole 
changes. 
Alternate solution methods for the systems of linear equations might be preferred to the 
inversion of the matrices. Matrices for the system-level heat and mass balance problems have 
predictable sparse structures and can be stored in compressed form to allow for the simulation of 
very large systems. Off-diagonal terms in the segment-to-segment thermal response factor matrix 
𝑯𝑯(Δ𝑡𝑡) can be neglected when the time step is sufficiently small, which is usually the case for 
hourly simulations. This also makes the matrix structure for the bore field heat transfer problem 
sparse. 
5. Conclusion 
A simulation model for geothermal systems with vertical boreholes is presented. Mathematical 
models are formulated for each of the system components, i.e. fluid sources and sinks, flow 
splitters and mixers, heat sources and vertical boreholes. System-level mass and heat balance 
problems are assembled from the formulated component-level mass and heat balance problems, 
incorporating connections between component fluid outlets and inlets at the system level. A third 
problem is introduced for heat transfer in the bore field. The solution of the three problems yields 
the inlet and outlet fluid mass flow rates and temperatures, as well as the borehole wall 
temperatures and heat extraction rates. 
The proposed simulation model is tested in three example systems. The first system is a 
field of 16 boreholes connected in parallel connected to a heat pump with temperature dependent 
COP. Simulation results from this first system are verified against a g-function based method. 
The second system adds 8 boreholes to the previous bore field. These additional boreholes are 
connected to flat plate solar collectors, with an efficiency dependent on fluid and ambient 
temperatures. The third system considers the case of 16 boreholes with two independent fluid 
loops running in counter flow in four parallel branches of four series-connected boreholes. In all 
three cases, heat extraction rates and fluid mass flow rates in the bore field are time-dependent. 
Due to solar heat injection into the ground in the second and third cases, the borehole length 
required to maintain fluid temperatures above 0°C was reduced from 115 m (i.e. 1,840 m total 
length) down to 85 m (i.e. 1,587 m total length) and 80 m (i.e. 1,280 m total length) in the second 
and third cases, respectively. 
The presented model includes several notable contributions: 
• Both fluid boundary conditions of specified fluid temperatures (through the fluid source 
component) and specified heating rate (through the heat source component) are possible. 
• The simulation model allows for any kind of bore field arrangement (i.e. series, parallel 
and mixed) and any number of independent fluid loops. 
• Boreholes can have different sizes in terms of length, buried depth and radius. 
• The system-level (i.e. inlet and outlet fluid mass flow rates and temperatures) and bore 
field variables (i.e. borehole wall temperatures and heat extraction rates) are solved for in 
separate systems of equations of reduced size. 
• Boreholes are divided into segments to consider the axial variation of fluid and borehole 
wall temperatures and heat extraction rates. 
The presented model also presents many opportunities for future work. The presented 
borehole component model does not include the effects of the thermal capacity of the fluid and 
of the borehole materials. A short-time model of the borehole will be developed to be compatible 
with the presented model. The current mass balance problems do not account for head losses in 
the pipes to distribute flow between branches at the outlet of flow splitters and instead rely on 
user-specified flow fractions. A pipe network model will be developed to evaluate mass flow 
rates based on head loss calculations and coupled to the presented model. Finally, simulations of 
bore fields with large amounts of boreholes – and borehole segments – have very large 
simulation times. Improved temporal superposition algorithms will be developed to reduce 
simulation times. 
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Appendix. Analytical borehole heat transfer model 
The analytical model of Cimmino (Cimmino 2016) is adapted to calculate the coefficient 
matrices and vectors needed for the borehole component heat balance problem and the bore field 
heat transfer problem. This appendix describes the solution for the fluid temperatures and heat 
extraction rates in a borehole with independent U-tubes and an arbitrary borehole wall 
temperature profile. 
The fluid temperature variations inside the borehole are driven by heat transfer between 
pipes and between individual pipes and the borehole wall. Steady-state heat conduction inside a 
borehole cross section can be represented as a network of delta-circuit thermal resistances, as 
shown on Figure A1. The total rate of heat transfer from a pipe 𝑖𝑖𝑝𝑝 at a distance 𝑧𝑧 from the top of 
the borehole is the sum of the rate of heat transferred to all other pipes and the borehole wall: 
 ?̇?𝑄𝑝𝑝,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠(𝑧𝑧) = 𝑇𝑇𝑓𝑓,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠(𝑧𝑧)−𝑇𝑇𝑏𝑏,𝑖𝑖𝑏𝑏(𝑧𝑧)𝑅𝑅𝑖𝑖𝑠𝑠,𝑖𝑖𝑠𝑠Δ + ∑ 𝑇𝑇𝑓𝑓,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠(𝑧𝑧)−𝑇𝑇𝑓𝑓,𝑖𝑖𝑏𝑏,𝑗𝑗𝑠𝑠(𝑧𝑧)𝑅𝑅𝑖𝑖𝑠𝑠,𝑗𝑗𝑠𝑠Δ2𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏𝑗𝑗𝑠𝑠=1
𝑖𝑖𝑠𝑠≠𝑗𝑗𝑠𝑠
 (A1) 
where ?̇?𝑄𝑝𝑝,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠 is the total rate of heat transfer from a pipe 𝑖𝑖𝑝𝑝 inside borehole 𝑖𝑖𝑏𝑏, 𝑇𝑇𝑓𝑓,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠 is the fluid 
temperature inside pipe 𝑖𝑖𝑝𝑝 of borehole 𝑖𝑖𝑏𝑏, 𝑇𝑇𝑏𝑏,𝑖𝑖𝑏𝑏 is the borehole wall temperature of borehole 𝑖𝑖𝑏𝑏, 
𝑅𝑅𝑖𝑖𝑠𝑠,𝑖𝑖𝑠𝑠Δ  is the delta-circuit thermal resistance between pipe 𝑖𝑖𝑝𝑝 and the borehole wall and 𝑅𝑅𝑖𝑖𝑠𝑠,𝑗𝑗𝑠𝑠Δ  is 
the delta-circuit thermal resistance between pipe 𝑖𝑖𝑝𝑝 and pipe 𝑗𝑗𝑝𝑝. 
 
Figure A1. Delta-circuit of thermal resistances for a borehole with two U-tubes 
The delta-circuit thermal resistances are dependent on the borehole geometry and thermal 
properties, i.e. the grout, ground, U-tube pipe material and fluid thermal conductivities, the 
dimensions and position of the U-tube pipes inside the borehole, the borehole dimensions, and 
the convective thermal resistance between the fluid and the inner pipe walls. These delta-circuit 
thermal resistances can be evaluated by means of analytical methods such as the multipole 
method (Claesson and Hellström 2011) and the line source approximation (Hellström 1991). 
Other analytical and numerical methods have been reviewed by Lamarche et al. (Lamarche, Kajl, 
and Beauchamp 2010). In the context of this paper, delta-circuit thermal resistances are 
calculated using the line source approximation. 
From thermal energy balances on each of the pipes at a cross-section 𝑧𝑧, a linear system of 
differential equations is built for the fluid temperatures along the pipes with an arbitrary borehole 
wall temperature along the borehole: 
 
𝜕𝜕𝑻𝑻𝒇𝒇,𝒊𝒊𝒃𝒃
𝜕𝜕𝑧𝑧
(𝑧𝑧) = 𝑨𝑨𝒊𝒊𝒃𝒃𝑻𝑻𝒇𝒇,𝒊𝒊𝒃𝒃(𝑧𝑧) − 𝑨𝑨𝒊𝒊𝒃𝒃𝟏𝟏2𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏×1𝑇𝑇𝑏𝑏,𝑖𝑖𝑏𝑏(z), 0 ≤ 𝑧𝑧 ≤ 𝐻𝐻𝑖𝑖𝑏𝑏 (A2) 
 𝑨𝑨𝒊𝒊𝒃𝒃 = � 𝐴𝐴𝑖𝑖𝑏𝑏,1,1 ⋯ 𝐴𝐴𝑖𝑖𝑏𝑏,1,2𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏⋮ ⋱ ⋮
𝐴𝐴𝑖𝑖𝑏𝑏,2𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏 ,1 ⋯ 𝐴𝐴𝑖𝑖𝑏𝑏,2𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏 ,2𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏� (A3) 
 𝐴𝐴𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠,𝑗𝑗𝑠𝑠 =
⎩
⎪
⎪
⎨
⎪
⎪
⎧
−1
?̇?𝑚𝑓𝑓,𝑖𝑖𝑖𝑖,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠𝑐𝑐𝑠𝑠,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠 ∑ 1𝑅𝑅𝑖𝑖𝑠𝑠,𝑗𝑗𝑠𝑠Δ2𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏𝑗𝑗𝑠𝑠=1 𝑖𝑖𝑝𝑝 = 𝑗𝑗𝑝𝑝 𝑖𝑖𝑝𝑝 ≤ 𝑛𝑛𝑝𝑝,𝑖𝑖𝑏𝑏  
1
?̇?𝑚𝑓𝑓,𝑖𝑖𝑖𝑖,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠𝑐𝑐𝑠𝑠,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠𝑅𝑅𝑖𝑖𝑠𝑠,𝑗𝑗𝑠𝑠Δ 𝑖𝑖𝑝𝑝 ≠ 𝑗𝑗𝑝𝑝 𝑖𝑖𝑝𝑝 ≤ 𝑛𝑛𝑝𝑝,𝑖𝑖𝑏𝑏
1
?̇?𝑚𝑓𝑓,𝑖𝑖𝑖𝑖,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠𝑐𝑐𝑠𝑠,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠 ∑ 1𝑅𝑅𝑖𝑖𝑠𝑠,𝑗𝑗𝑠𝑠Δ2𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏𝑗𝑗𝑠𝑠=1 𝑖𝑖𝑝𝑝 = 𝑗𝑗𝑝𝑝 𝑖𝑖𝑝𝑝 > 𝑛𝑛𝑝𝑝,𝑖𝑖𝑏𝑏
−1
?̇?𝑚𝑓𝑓,𝑖𝑖𝑖𝑖,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠𝑐𝑐𝑠𝑠,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠𝑅𝑅𝑖𝑖𝑠𝑠,𝑗𝑗𝑠𝑠Δ 𝑖𝑖𝑝𝑝 ≠ 𝑗𝑗𝑝𝑝 𝑖𝑖𝑝𝑝 > 𝑛𝑛𝑝𝑝,𝑖𝑖𝑏𝑏
 (A4) 
where 𝑻𝑻𝒇𝒇,𝒊𝒊𝒃𝒃 is a 2𝑛𝑛𝑝𝑝,𝑖𝑖𝑏𝑏 × 1 column vector of fluid temperatures in all pipes of borehole 𝑖𝑖𝑏𝑏 and 
𝑐𝑐𝑝𝑝,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠 is the specific heat capacity of the fluid circulating in pipe 𝑖𝑖𝑝𝑝 of borehole 𝑖𝑖𝑏𝑏. 
The analytical solution to Equation (A2) is given by the matrix exponential of �𝑨𝑨𝒊𝒊𝒃𝒃𝑧𝑧� 
(Cimmino 2016). Assuming a piecewise uniform borehole wall temperature over borehole 
segments of equal length, where 𝑇𝑇𝑏𝑏,𝑖𝑖𝑏𝑏,𝑜𝑜 is the temperature along the 𝑢𝑢-th segment of borehole 𝑖𝑖𝑏𝑏 
(i.e. over the portion (𝑢𝑢 − 1)𝐻𝐻𝑖𝑖𝑏𝑏 𝑛𝑛𝑞𝑞,𝑖𝑖𝑏𝑏⁄ ≤ 𝑧𝑧 < 𝑢𝑢𝐻𝐻𝑖𝑖𝑏𝑏 𝑛𝑛𝑞𝑞,𝑖𝑖𝑏𝑏⁄ ) and 𝑛𝑛𝑞𝑞,𝑖𝑖𝑏𝑏 is the number of borehole 
segments for borehole 𝑖𝑖𝑏𝑏, the fluid temperatures at any depth 𝑧𝑧 of borehole 𝑖𝑖𝑏𝑏 are given by: 
 𝑻𝑻𝒇𝒇,𝒊𝒊𝒃𝒃(𝑧𝑧) = 𝑬𝑬𝒊𝒊𝒃𝒃(𝑧𝑧) � 𝑻𝑻𝒇𝒇,𝒊𝒊𝐧𝐧,𝒊𝒊𝒃𝒃𝑻𝑻𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒃𝒃� − 𝑭𝑭𝒊𝒊𝒃𝒃(𝑧𝑧)𝑻𝑻𝒃𝒃,𝒊𝒊𝒃𝒃 (A5)  
 𝑬𝑬𝒊𝒊𝒃𝒃(z) = exp�𝑨𝑨𝒊𝒊𝒃𝒃𝑧𝑧� = 𝑽𝑽𝒊𝒊𝒃𝒃 exp�𝑳𝑳𝒊𝒊𝒃𝒃𝑧𝑧� 𝑽𝑽𝒊𝒊𝒃𝒃−1 (A6)  
 𝑭𝑭𝒊𝒊𝒃𝒃(z) = �𝑭𝑭𝒊𝒊𝒃𝒃,𝟏𝟏(z) ⋯ 𝑭𝑭𝒊𝒊𝒃𝒃,𝒊𝒊𝒒𝒒,𝒊𝒊𝒃𝒃(z)� (A7)  
 𝑭𝑭𝒊𝒊𝒃𝒃,𝒐𝒐(z) = 𝑽𝑽𝒊𝒊𝒃𝒃𝑳𝑳𝒊𝒊𝒃𝒃−𝟏𝟏 �exp�𝑳𝑳𝒊𝒊𝒃𝒃 �𝑧𝑧 − min �𝑧𝑧, (𝑜𝑜−1)𝐻𝐻𝑖𝑖𝑏𝑏𝑖𝑖𝑞𝑞,𝑖𝑖𝑏𝑏 ��� − exp �𝑳𝑳𝒊𝒊𝒃𝒃 �𝑧𝑧 −
min �𝑧𝑧, 𝑜𝑜𝐻𝐻𝑖𝑖𝑏𝑏
𝑖𝑖𝑞𝑞,𝑖𝑖𝑏𝑏���� 𝑽𝑽𝒊𝒊𝒃𝒃−1𝑨𝑨𝐢𝐢𝒃𝒃𝟏𝟏2𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏×1  (A8) 
where 𝑬𝑬𝒊𝒊𝒃𝒃(z) is the matrix exponential of 𝑨𝑨𝒊𝒊𝒃𝒃𝑧𝑧, 𝑽𝑽𝒊𝒊𝒃𝒃  is the matrix of column eigenvectors of 𝑨𝑨𝒊𝒊𝒃𝒃 , 
𝑳𝑳𝒊𝒊𝒃𝒃 is a diagonal matrix with the eigenvalues of 𝑨𝑨𝒊𝒊𝒃𝒃  along the diagonal and ceil(𝑥𝑥) is the ceiling 
rounded value of 𝑥𝑥. 
By imposing equal fluid temperatures at the bottom of the U-tubes (i.e. 𝑇𝑇𝑓𝑓,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠�𝐻𝐻𝑖𝑖𝑏𝑏� =
𝑇𝑇𝑓𝑓,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠+𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏�𝐻𝐻𝑖𝑖𝑏𝑏�), the relation between inlet and outlet fluid temperatures is given by: 
 𝑬𝑬𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒃𝒃�𝐻𝐻𝑖𝑖𝑏𝑏�𝑻𝑻𝒇𝒇,𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒃𝒃 = 𝑬𝑬𝒊𝒊𝒊𝒊,𝒊𝒊𝒃𝒃�𝐻𝐻𝑖𝑖𝑏𝑏�𝑻𝑻𝒇𝒇,𝒊𝒊𝒊𝒊,𝒊𝒊𝒃𝒃 + 𝑬𝑬𝒃𝒃,𝒊𝒊𝒃𝒃�𝐻𝐻𝑖𝑖𝑏𝑏�𝑻𝑻𝒃𝒃,𝒊𝒊𝒃𝒃 (A9) 
 𝑬𝑬𝒊𝒊𝒊𝒊,𝒊𝒊𝒃𝒃(𝑧𝑧) = �−𝑰𝑰𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏 , 𝑰𝑰𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏� 𝑬𝑬𝒊𝒊𝒃𝒃(z) � 𝑰𝑰𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏𝟎𝟎𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏×𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏� (A10)  
 𝑬𝑬𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒃𝒃(𝑧𝑧) = �𝑰𝑰𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏 ,−𝑰𝑰𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏� 𝑬𝑬𝒊𝒊𝒃𝒃(z) �𝟎𝟎𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏×𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏𝑰𝑰𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏 � (A11)  
 𝑬𝑬𝒃𝒃,𝒊𝒊𝒃𝒃(z) = �𝑰𝑰𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏 ,−𝑰𝑰𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏� 𝑭𝑭𝒃𝒃,𝒊𝒊𝒃𝒃,𝒐𝒐(z) (A12) 
The heat extraction rate of a segment 𝑢𝑢 of a borehole 𝑖𝑖𝑏𝑏 can be obtained from a thermal 
energy balance on the fluid: 
 ?̇?𝑄𝑏𝑏,𝑖𝑖𝑏𝑏,𝑜𝑜 = [𝑴𝑴𝒊𝒊𝒃𝒃 −𝑴𝑴𝒊𝒊𝒃𝒃] �𝑻𝑻𝒇𝒇,𝒊𝒊𝒃𝒃 �𝑜𝑜𝐻𝐻𝑖𝑖𝑏𝑏𝑖𝑖𝑞𝑞,𝑖𝑖𝑏𝑏� − 𝑻𝑻𝒇𝒇,𝒊𝒊𝒃𝒃 �(𝑜𝑜−1)𝐻𝐻𝑖𝑖𝑏𝑏𝑖𝑖𝑞𝑞,𝑖𝑖𝑏𝑏 �� (A13) 
 𝑴𝑴𝒊𝒊𝒃𝒃 = �?̇?𝑚𝑓𝑓,𝑖𝑖𝑖𝑖,𝑖𝑖𝑏𝑏,1𝑐𝑐𝑝𝑝,𝑖𝑖𝑏𝑏,1 ⋯ ?̇?𝑚𝑓𝑓,𝑖𝑖𝑖𝑖,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠𝑐𝑐𝑝𝑝,𝑖𝑖𝑏𝑏,𝑖𝑖𝑠𝑠� (A14) 
From Equations (A5) and (A9), the fluid temperatures at any depth can be expressed as a 
function of the inlet fluid temperatures and the borehole wall temperatures: 
𝑻𝑻𝒇𝒇,𝒊𝒊𝒃𝒃(𝑧𝑧) = 𝑬𝑬𝒊𝒊𝒃𝒃(𝑧𝑧) � 𝑰𝑰𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏𝑬𝑬𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒃𝒃−𝟏𝟏 �𝐻𝐻𝑖𝑖𝑏𝑏�𝑬𝑬𝒊𝒊𝒊𝒊,𝒊𝒊𝒃𝒃�𝐻𝐻𝑖𝑖𝑏𝑏�� 𝑻𝑻𝒇𝒇,𝒊𝒊𝒊𝒊,𝒊𝒊𝒃𝒃 + �𝑬𝑬𝒊𝒊𝒃𝒃(𝑧𝑧) � 𝟎𝟎𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏×𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏𝑬𝑬𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒃𝒃−𝟏𝟏 �𝐻𝐻𝑖𝑖𝑏𝑏�𝑬𝑬𝒃𝒃,𝒊𝒊𝒃𝒃�𝐻𝐻𝑖𝑖𝑏𝑏�� −
𝑭𝑭𝒊𝒊𝒃𝒃(𝑧𝑧)�𝑻𝑻𝒃𝒃,𝒊𝒊𝒃𝒃  (A15) 
From Equation (A15) and the aforementioned thermal energy balance (Equation (A13)), 
the heat extraction rates can be expressed as a function of inlet fluid temperatures and borehole 
wall temperatures:  
 ?̇?𝑸𝒃𝒃,𝒊𝒊𝒃𝒃(𝑡𝑡𝑘𝑘) = −𝚫𝚫𝑭𝑭𝒊𝒊𝒃𝒃𝑻𝑻𝒃𝒃,𝒊𝒊𝒃𝒃(𝑡𝑡𝑘𝑘) + 𝚫𝚫𝑬𝑬𝒊𝒊𝒃𝒃 � 𝑰𝑰𝑖𝑖𝑠𝑠,𝑖𝑖𝑏𝑏𝑬𝑬𝒐𝒐𝒐𝒐𝒐𝒐,𝒊𝒊𝒃𝒃−𝟏𝟏 �𝐻𝐻𝑖𝑖𝑏𝑏�𝑬𝑬𝒊𝒊𝒊𝒊,𝒊𝒊𝒃𝒃�𝐻𝐻𝑖𝑖𝑏𝑏�� 𝑻𝑻𝒇𝒇,𝒊𝒊𝒊𝒊,𝒊𝒊𝒃𝒃 (A16) 
 𝚫𝚫𝑭𝑭𝒊𝒊𝒃𝒃 = � 𝚫𝚫𝑭𝑭𝒊𝒊𝒃𝒃,𝟏𝟏⋮
𝚫𝚫𝑭𝑭𝒊𝒊𝒃𝒃,𝒊𝒊𝒒𝒒,𝒊𝒊𝒃𝒃� (A17)  
 𝚫𝚫𝑭𝑭𝒊𝒊𝒃𝒃,𝒐𝒐 = [𝑴𝑴𝒊𝒊𝒃𝒃 −𝑴𝑴𝒊𝒊𝒃𝒃] �𝑭𝑭𝒊𝒊𝒃𝒃 �𝑜𝑜𝐻𝐻𝑖𝑖𝑏𝑏𝑖𝑖𝑞𝑞,𝑖𝑖𝑏𝑏� − 𝑭𝑭𝒊𝒊𝒃𝒃 �(𝑜𝑜−1)𝐻𝐻𝑖𝑖𝑏𝑏𝑖𝑖𝑞𝑞,𝑖𝑖𝑏𝑏 �� (A18)  
 𝚫𝚫𝑬𝑬𝒊𝒊𝒃𝒃 = � 𝚫𝚫𝑬𝑬𝒊𝒊𝒃𝒃,𝟏𝟏⋮
𝚫𝚫𝑬𝑬𝒊𝒊𝒃𝒃,𝒊𝒊𝒒𝒒,𝒊𝒊𝒃𝒃� (A19)  
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